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A New Approach to Generalised Uncertainty
Relations
Matthew J. Lake
Abstract We outline a new model in which generalised uncertainty relations are
obtained without modified commutation relations. While existing models introduce
modified phase space volumes for the canonical degrees of freedom, we introduce
new degrees of freedom for the background geometry. The phase space is therefore
enlarged but remains Euclidean. The spatial background is treated as a genuinely
quantum object, with an associated state vector, and the model naturally gives rise to
the extended generalised uncertainty principle (EGUP). Importantly, this approach
solves (or rather, evades) well known problems associated with modified commuta-
tors, including violation of the equivalence principle, the ‘soccer ball’ problem for
multiparticle states, and the velocity dependence of the minimum length. However,
it implies two radical conclusions. The first is that space must be quantised on a
different scale to matter and the second is that the fundamental quanta of geometry
are fermions. We explain how, in the context of the model, these do not contradict
established results including the no go theorems for multiple quantisation constants,
which still hold for species of material particles, and the spin-2 nature of gravitons.
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1 Introduction
The existence of geometric superpositions is the key requirement of any consistent
quantum gravity theory [16, 45]. It emerges as a logical necessity by combining
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the principles of general relativity (GR) with the principles of quantum mechan-
ics (QM). In the former, gravity is described as the curvature of spacetime, which is
sourced by the presence of matter [32]. In the latter, material particles exist in super-
positions of position states [18]. Therefore, if quantum matter is to act as the source
of the gravitational field, spacetime geometries must also exist in superposition, and
gravity must be quantised [45, 52].
In addition, a widely expected feature of quantum gravity is the existence of a
minimum length scale, of the order of the Planck length lPl ≃ 10−33 cm [33]. Unlike
the existence of geometric superpositions, this is not a logical necessity of any viable
theory. Nonetheless, general phenomenological arguments suggest that combining
the essential features of both GR and QM limits the resolvability of physical mea-
surements to super-Planck scales [22, 58]. Therefore, phenomenological approaches
to quantum gravity implement a minimum resolvable length scale, but do not link
this to an underlying formalism describing superpositions of geometries [22, 33].
Many phenomenological arguments that give rise to a minimum length also sug-
gest modifications of canonical QM and, in particular, of the canonical Heisenberg
uncertainty principle (HUP). This forbids simultaneous knowledge of both position
and momentum to arbitrary precision, such that
∆xi ∆ p j &
h¯
2
δ i j , (1)
where h¯= 1.054× 10−34J .s is the reduced Planck’s constant. In the canonical the-
ory, h¯ represents the fundamental scale of action at which quantum effects become
significant for material systems [65].
The HUP can be introduced, heuristically, using the Heisenberg microscope
thought experiment, in which the irremovable uncertainty is explained as the result
of momentum transferred to a massive particle by a probing photon [30, 31, 65].
More rigorously, it can be derived from the Hilbert space structure of the quan-
tum state space, as shown by the pioneering work of Robertson and Schro¨dinger
[67, 71, 72]. In the latter, it is seen to arise from the general inequality
∆ψO1 ∆ψO2 ≥ 1
2
| 〈ψ |[Oˆ1, Oˆ2]|ψ〉 | , (2)
where the uncertainty of the observable Oˆ is defined as the standard deviation
∆ψO =
√
〈ψ |Oˆ2|ψ〉− 〈ψ |Oˆ|ψ〉2, plus the canonical commutator between position
and momentum,
[xˆi, pˆ j] = ih¯δ
i
j Iˆ . (3)
A more careful statement of the HUP, derived from the underlying formalism of
canonical QM, therefore reads
∆ψx
i∆ψ p j ≥ h¯
2
δ i j , (4)
Contents 5
where ∆ψx
i and ∆ψ p j represent well defined standard deviations, unlike the heuris-
tic uncertainties ∆xi and ∆ p j in Eq. (1).
Equation (4) is more fundamental than (1) because it holds in general, for any
physical measurement scheme [35]. Nonetheless, as the example of Heisenberg’s
microscope shows, thought experiments can be useful in guiding our intuition.More
recently, the microscope argument has been generalised to include the gravitational
interaction between the massive particle and the photon, giving rise to the so called
generalised uncertainty principle (GUP),
∆xi &
h¯
2∆ p j
δ i j
[
1+α0
2G
h¯c3
(∆ p j)
2
]
, (5)
where α0 is a numerical constant of order unity [1, 51, 70]. The GUP (5) implies
the existence of a minimum position uncertainty, of the order of the Planck length,
but introduces a fundamental asymmetry between position and momentum [76, 77].
This is in stark contrast to the canonical HUP, which treats position and momentum
on an equal footing.
The microscope argument can also be generalised to account for the effects of a
nonzero vacuum energy. In this scenario, the thought experiment is repeated in the
presence of an asymptotically de Sitter space background [74], in which the mini-
mum scalar curvature is of the order of the cosmological constant, Λ ≃ 10−56 cm−2
[32]. We recall that this gives rise to a minimum vacuum energy density, ρΛ =
Λc2/(8piG)≃ 10−30g .cm−3 [2, 9, 62, 66]. In [8, 10, 60], it was argued that the pres-
ence of dark energy, in the form of a cosmological constant, modifies the canonical
momentum uncertainty such that
∆ p j &
h¯
2∆xi
δ i j
[
1+ 2η0Λ(∆x
i)2
]
, (6)
where η0 is of order one. This relation, known in the literature as the extended un-
certainty principle (EUP) [8, 60], implies a minimum momentum uncertainty of the
order∼ h¯
√
Λ . Thus, taking the GUP (5) and EUP (6) together reintroduces position-
momentum symmetry into the gravitationally modified uncertainty relations.
Furthermore, generalising the microscope argument to include the effects of both
canonical gravity and repulsive dark energy implies the so called extended gener-
alised uncertainty principle (EGUP) [8, 60],
∆xi∆ p j &
h¯
2
δ i j
[
1+α0
2G
h¯c3
(∆ p j)
2+ 2η0Λ(∆x
i)2
]
. (7)
This implements both a minimum length and a minimum momentum in nature
which corresponds to the existence of two, distinct, fundamental scales [45]. The
former is of order lPl ≃ 10−33 cm whereas the latter is of the order of the de Sit-
ter momentum, mdSc ≃ 10−56g .cms−1, which represents the minimum possible
momentum uncertainty of a particle confined within the de Sitter horizon of the
universe [74].
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Considering these results, it may be hoped that progress towards a fundamental
theory of quantum gravity can be made by replacing the heuristic uncertainties in
Eqs. (5)-(7) with well defined standard deviations, derived from a non-canonical
quantum theory. This forms the basic motivation for the subfield of quantum gravity
research that deals with generalised uncertainty relations (GURs) [76, 77].
For more than 25 years, this field of research has been very active. To date, over
1200 papers on GURs have been published, with more than 50 appearing per year
(on average), even today. As may be verified by a quick search on INSPIRE, the
overwhelming majority of these studies utilise the same basic approach to the prob-
lem. In this, GURs are obtained directly by modifying the canonical commutation
relations between position and momentum, (3). This leads immediately to modifi-
cations of the Schro¨dinger-Robertson bound for ∆ψx
i∆ψ p j, and, hence, to modifi-
cations of the HUP (4). Throughout, it is assumed that all measurement outcomes
are derived from an underlying probability distribution, |ψ |2, which depends only
on the canonical degrees of freedom,
{
xi
}3
i=1
or
{
p j
}3
j=1
. In other words, the oper-
ators and wavefunctions of modified commutator models are non-canonical, but the
theories still describe material systems, without reference to any form of quantum
geometry. This is at odds with their basic motivation, in which the non-canonical
terms in the GUP, EUP and EGUP, (5)-(7), are expected to arise as the result of
interactions between canonical quantum particles and the degrees of freedom of the
background [1, 8, 10, 22, 33, 51, 60, 70, 76, 77].
Moreover, even after more than a quarter of a century of effort, models based
on modified commutation relations remain beset by conceptual and theoretical dif-
ficulties. These include their implied violation of the equivalence principle (EP)
[76, 77], and of Poincare´ invariance in the relativistic limit [33], the inability to
construct a sensible multiparticle limit, otherwise known as the ‘soccer ball’ prob-
lem [3, 26, 34, 46], and the fact that even the most rigorous GUR models (see, for
example, [39]) cannot reproduce, exactly, the GUP, EUP or EGUP obtained from
gedanken experiment arguments. 1
In this work, we introduce a new formalism that, tentatively, offers solutions to
each of the problems outlined above. To achieve this, we go back to basics, and seek
to insert ‘at the ground level’ the fundamental ingredients missing from existing
phenomenological models. The most fundamental of these ingredients are the new
quantum degrees of freedom, corresponding to the background space, which allow
for the possibility of geometric superpositions [45, 47].
The structure of this paper is as follows. In Sec. 2, we give a detailed account
of the problems associated with existing modified commutator models. These in-
clude issues that have been discussed at length in the literature, which we review
only briefly in Secs. 2.1.1-2.1.2, as well as less well explored topics, which are con-
sidered in Secs. 2.1.3-2.1.4. This provides our motivation for the new formalism,
which is introduced in Sec. 3. The basic conceptual and mathematical architecture
of the model is given in Sec. 3.1, and generalised position measurements are de-
fined, leading to our derivation of the GUP. Generalised momentum measurements
1 The latter point is subtle, but important, and is discussed in detail in Sec. 2.1.3.
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are defined in Sec. 3.2, yielding our derivation of the EUP. The EGUP is derived,
utilising both generalised position and momentum measurements, in Sec.3.3, while
Sec. 3.4 considers the implications of our model for the measurement problem of
canonical QM [35]. Sec. 4.1 is devoted to a unitarily equivalent formalism, which
allows us to define generalised operators for angular momentum and spin, giving
rise to additional GURs for these observables, respectively, in Secs. 4.2-4.3. The
relation of our model to the theory of quantum reference frames (QRFs) [23] is dis-
cussed in Sec. 4.4. A brief summary of our results, including the current status of
the model as well as prospects for future work, is given in Sec. 5.
Throughout the text, we use lower case letters to denote observables in canonical
QM, for example xˆi and pˆ j. Capital letters are used to denote generalised operators
that give rise to GURs. Hence, Xˆ i and Pˆj are used to denote position and momentum
operators that obey modified commutation relations [33, 38, 39, 76, 77] and to de-
note the alternative position and momentum operators proposed in the new theory
[45, 47]. The different approaches are discussed in separate sections, so that the pre-
cise meaning of these symbols should be clear from the context. Where necessary,
definitions are explicitly restated, to avoid confusion. The Planck length and mass
scales are defined as
lPl =
√
h¯G
c3
≃ 10−33 cm , mPl =
√
h¯c
G
≃ 10−5g , (8)
and we define the de Sitter length and mass scales as
ldS =
√
3
Λ
≃ 1028 cm , mdS = h¯
c
√
Λ
3
≃ 10−66g , (9)
for later convenience.
2 Problems with existing models - the need for a new approach
Before outlining the new approach to GURs we discuss its motivation, namely, the
outstanding theoretical problems faced by existing models based on modified com-
mutation relations.
2.1 Problems with modified commutators
In this section, we consider four problems associated with the modified commutator
approach to GURs. The first two, violation of the EP and the soccer ball problem
for multiparticle states, have been extensively discussed in the existing literature
[3, 26, 34, 46, 76, 77]. We review them only briefly in Secs. 2.1.1-2.1.2. The third,
concerning the violation of Galilean boost invariance and the consequent velocity
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dependence of the ‘minimum’ length, has been touched upon in the literature (see,
for example, [25]), but not systematically explored. In Sec. 2.1.3, we give a detailed
treatment of this problem and determine the exact form of the boost-dependent po-
sition uncertainty. The final problem is subtle and, to the best of our knowledge, has
not been discussed previously. It concerns the supposedly ‘quantum’ nature of the
nonlocal modifications of the phase space geometry that give rise to GURs [56, 73].
This is discussed in Sec. 2.1.4
2.1.1 Violation of the equivalence principle
In canonical QM, the Heisenberg equation for the time evolution of a hermitian
operator Oˆ is
d
dt
Oˆ(t) =
i
h¯
[Hˆ, Oˆ]+
(
∂ Oˆ
∂ t
)
H
, (10)
where Hˆ = pˆ2/(2m)+ Vˆ(x). For the position operator xˆi(t), this gives
d
dt
xˆ(t) =
pˆi
m
. (11)
The right-hand side follows directly from the identity [AB,C] = A[B,C] + [A,C]B,
plus the form of the canonical position-momentum commutator (3).
From (11), it follows that the acceleration of the position expectation value of a
quantum particle is independent of its mass, i.e.,
fˆ i
m
=
1
m
dpˆi
dt
=
d2xˆi
dt2
. (12)
For generalised operators Xˆ i and Pˆ j, satisfying the modified commutation rela-
tion
[Xˆ i, Pˆj] = ih¯δ
i
jGˆ(P) , (13)
the Heisenberg equation for Xˆ i(t) is
d
dt
Xˆ(t) =
Pˆi
m
Gˆ(P) . (14)
Hence, for Gˆ(P) 6= 1, the particle experiences a mass-dependent acceleration,
Fˆ i
m
=
1
m
dPˆi
dt
=
1
Gˆ(P)
[
d2Xˆ i
dt2
− Pˆ
i
m
dGˆ(P)
dt
]
, (15)
in clear violation of the EP. This conclusion assumes that the generalised Hamilto-
nian takes the form Hˆ = Pˆ2/(2m)+ Vˆ (X) and that a well defined Heisenberg pic-
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ture exists in the generalised theory, but these are certainly reasonable assumptions
[76, 77]. Similar analyses demonstrate that the EP is violated in modified commu-
tator models defined by the functions Gˆ(X) and Gˆ(X ,P). It is therefore impossible
to obtain the GUP, EUP, or EGUP from modified commutation relations without
violating the founding principles of classical gravity [32].
2.1.2 The soccer ball problem
The macroscopic limit of canonical QM obeys the correspondence principle [65].
For single particle states, and with the exception of observables related to spin, two
arbitrary hermitian operators Oˆ1 and Oˆ2 may be written as functions of the canonical
variables
{
xˆi, pˆ j
}3
i, j=1
. These are required to obey the correspondence limit,
lim
h¯→0
1
ih¯
[Oˆ1, Oˆ2] = {O1,O2}PB . (16)
Here, O1 and O2 are have analogous functional dependence on the classical phase
space coordinates,
{
xi, p j
}3
i, j=1
, and PB denotes the classical Poisson bracket. The
general correspondence limit therefore requires that
lim
h¯→0
1
ih¯
[xˆi, pˆ j] =
{
xi, p j
}
PB
= δ i j , (17)
which forms the basis of the canonical quantisation procedure [18].
From Eq. (16), it is clear that the correspondence limit for modified commutator
models implies analogous modifications of the classical Poisson brackets [76, 77].
This implies the violation of Galilean invariance, even for macroscopic systems,
and, therefore, the violation of Poincare´ invariance in the relativistic limit. Fur-
thermore, modifications of the canonical position-momentum commutator can be
expressed in terms of nonlinear corrections to the canonical de Broglie relation,
p(k) [33, 34]. The wave number operator, kˆ = dˆx, is the global shift-isometry gen-
erator for Euclidean position space [35], and shift-isometries form a subgroup of
the Galilean symmetry group [20, 55]. Thus, in the relativistic regime, it is un-
clear whether one should require the physical momentum p, or wave number k,
also known as the pseudo-momentum, to transform under the Poincare´ group. In
either case, the Lorentz transformations become nonlinear functions of the relevant
quantity [33, 34].
Arguably, it is more reasonable to choose p as the Lorentz invariant quantity. In
this case, the nonlinear composition function is chosen to have a maximum at ∼
mPlc, which corresponds to the existence of a minimum length of order lPl [33, 34].
This prevents single particles from ever exceeding the Planck momentum and so
prevents the position uncertainties of their wave packets from becoming smaller
than the Planck length. Unfortunately, since the sum of momenta can never exceed
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the maximumvalue, this also preventsmultiparticle states from possessing momenta
in excess of mPlc.
2
It is therefore unclear whether mutliparticle states with macroscopic momenta
can be constructed in models based on modified commutation relations, and the
problem of reproducing a sensible multiparticle limit is known as the soccer ball
problem [3, 26, 34, 46]. Ultimately, this stems from the breaking of Galilean boost
invariance in the non-relativistic regime. In the next section, we consider another
problem raised by the violation of Galilean boost invariance, which also has impor-
tant implications for modified commutator models.
2.1.3 Velocity-dependent uncertainties
In this section we show how non-relativisitc velocity boosts in one of the most com-
monly used modified commutator models, the GUP model proposed by Kempf,
Mangano and Mann (KMM) [39], give rise to velocity-dependent position uncer-
tainties. This leads, automatically, to a reference frame-dependentminimum length.
For clarity, we first review the standard treatment of velocity boosts and spatial
translations in canonical QM, before generalising to the KMM model.
In canonical QM the generators of translations in position and momentum space
are defined by their actions on the Hilbert space bases |x〉 and |p〉, respectively:
U(x′) |x〉= |x− x′〉 , U˜(p′) |p〉= |p−p′〉 . (18)
They may be written explicitly as [35]
U(x′) = exp
(
− i
h¯
x′.pˆ
)
, U˜(p′) = exp
(
− i
h¯
xˆ.p′
)
, (19)
where
xˆ =
∫
x |x〉〈x|d3x , pˆ =
∫
p |p〉 〈p|d3p (20)
are the vector generalisations of the canonical position and momentum operators,
i.e.,
xˆ = xˆi ei(0) , pˆ = pˆ j e
j(0) . (21)
Here, {ei(x)}3i=1
({
e j(x)
}3
j=1
)
denote the set of tangent (cotangent) vectors at the
point x in (classical) physical space [20, 55]. The position space coordinates
{
xi
}3
i=1
are taken to be Cartesians, so that
{
p j
}3
j=1
represent the projections of the physical
momentum p onto Cartesian axes in real space. The Hilbert space bases obey the
2 It should be noted that [3] offers an interesting counter-argument to this claim, at least within
the framework of spacetime non-commutativity. However, to the best of our knowledge, these
arguments have not been extended to models with arbitrary deformations of the momentum space.
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‘normalisation’ conditions
〈x|x′〉= δ 3(x− x′) , 〈p|p′〉= δ 3(p−p′) , (22)
which give rise to the canonical resolutions of the identity∫
|x〉〈x|d3x=
∫
|p〉〈p|d3p= Iˆ . (23)
From here on we focus on the action of U˜(p′) since a translation in momentum
space is equivalent to a Galilean velocity boost, up to a factor of m, where m the
mass of the system. When boosting by v′ = p′/m, it is straightforward to show that
the operator pˆn (n ∈ Z) transforms as
pˆn 7→ U˜(p′)pˆnU˜†(p′) = (pˆ+p′)n . (24)
Equivalently, we may say that the state vector transforms as |ψ〉 7→ U˜†(p′) |ψ〉while
pˆ remains unchanged [36], but we adopt Eq. (24) for convenience. It follows imme-
diately that
〈pˆ〉ψ 7→ 〈U˜(p′)pˆU˜†(p′)〉ψ = 〈pˆ〉ψ +p′ ,
〈pˆ2〉ψ 7→ 〈U˜(p′)pˆ2U˜†(p′)〉ψ = 〈pˆ2〉ψ + 2p′ 〈pˆ〉ψ +p′2 , (25)
so that the momentum uncertainty ∆ψp =
√
〈pˆ2〉ψ −〈pˆ〉2ψ is invariant. Similar ar-
guments demonstrate the invariance of ∆ψx, as well as the invariance of both uncer-
tainties under translations in position space [35]. By projecting ∆ψ p and ∆ψx onto
the Cartesian axes, the invariance of the individual components ∆ψ p j and ∆ψx
i can
also be demonstrated.
In the KMM model the modified commutator takes the form
[Xˆ i, Pˆj] = ih¯δ
i
j(1+αPˆ
2)Iˆ , (26)
where α = α0(mPlc)
−2 and α0 is a dimensionless constant of order one [39]. The
generalised vector operators,
Xˆ = Xˆ iei(0) , Pˆ = Pˆje
j(0) , (27)
are defined by analogy with their counterparts in the canonical theory. This gives
rise to the modified uncertainty relation
∆ψX
i∆ψPj ≥ h¯
2
δ i j(1+α[(∆ψP)
2+ 〈Pˆ〉2ψ ]) . (28)
Equation (28) is almost the same as the GUP predicted by model-independent
arguments, Eq. (5), but, as we will now demonstrate, the presence of a term propor-
tional to 〈Pˆ〉2ψ on the right-hand side is crucial. For a given value of 〈Pˆ〉
2
ψ the KMM
GUP yields a minimum value of the position uncertainty and a corresponding criti-
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cal value of the momentum uncertainty [39]:
(∆ψX
i)min = h¯
√
α(1+α 〈Pˆ〉2ψ) , (∆ψPj)crit = 1/
√
α(1+α 〈Pˆ〉2ψ) . (29)
For momentum-symmetric states, i.e., those for which 〈Pˆ〉ψ = 0, these values reduce
to (∆ψX
i)min = h¯
√
α ≃ lPl and (∆ψPj)crit = 1/
√
α ≃ mPlc, respectively. However,
even if a state |ψ〉 is symmetric in one particular frame, for example, the lab frame
of a quantum experiment, it will be asymmetric in all others. We now consider this
issue in detail and determine the exact dependence of ∆ψX
i on the velocity of the
observer, relative to the centre of mass of the state |ψ〉.
In [39] it was shown that the modified commutator (26) is obtained by introduc-
ing a modified momentum space volume, (1+αP2)−1d3P. This corresponds to a
modified normalisation condition and a modified resolution of the identity, viz.:
〈P|P′〉= (1+αP2)δ 3(P−P′) ,
∫
|P〉〈P| d
3P
(1+αP2)
= Iˆ . (30)
In this formulation of the GUP the position space representation is not well defined
so that no spectral representation of Xˆ exists [39]. We are therefore unable to con-
struct a direct analogue of the velocity boost generator, U˜(p′), as given in Eq. (19).
Nonetheless, we may define the unitary operator that generates generalised momen-
tum space translations, U˜ (P′), in a purely abstract manner, via its actions on the
modified kets |P〉. This is by analogy with Eq. (18). It is straightforward to verify
that the required action is
U˜ (P′) |P〉= (1+αP
2)1/2
(1+α(P−P′)2)1/2 |P−P
′〉 , (31)
This preserves the relations (30) which ensures that the unitarity condition holds,
U˜ (P′)U˜ †(P′) = U˜ †(P′)U˜ (P′) = Iˆ.
It is then straightforward to show that
Pˆn 7→ U˜ (P′)PˆnU˜ †(P′) = (Pˆ+P′)n . (32)
The generalisedmomentumuncertainty,∆ψP=
√
〈Pˆ2〉ψ −〈Pˆ〉
2
ψ , is therefore invari-
ant under the generalised momentum space ‘translations’ defined by Eq. (31). These
represent non-relativistic velocity boosts in the KMM theory and are the generalisa-
tions of the Galilean velocity boosts defined in Eq. (18). The modified commutator
(28) then transforms as
[Xˆ i, Pˆj] 7→ U˜ (P′)[Xˆ i, Pˆj]U˜ †(P′) = ih¯δ i j(1+α(Pˆ+P′)2)Iˆ , (33)
which leads to P′-dependence of the corresponding uncertainty principle. Since
∆ψPj is invariant it is clear that this is due to the P
′-dependence of ∆ψX i.
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Let us denote the boosted position uncertainty as ∆ψX
′i(P′) so that ∆ψX ′i(0) =
∆ψX
i, where ∆ψX
i is the position uncertainty appearing in the standard expression,
Eq. (28). We then have
∆ψX
′i(P′)≥ h¯
2∆ψPj
δ i j(1+α[(∆ψP)
2+(〈Pˆ〉ψ +P′)2]) . (34)
Even if |ψ〉 is symmetric in the original frame of observation, that is, if the initial lab
frame is chosen to coincide with the motion of the centre of mass of the system, the
minimum position uncertainty seen by an observer moving with the relative velocity
V′ = P′/m is
(∆ψX
′i)min(P′) =
h¯√
α
(
1+
αP′2
2
)
. (35)
For |P′| ≪ 1/√α ≃ mPlc the boost-dependent term is, of course, very small.
Nonetheless, its presence clearly violates the Galilean boost invariance that emerges
as the low velocity limit of Lorentz invariance [20, 55]. It is therefore at odds with
the founding principles of both special and general relativity [21, 32], even for one-
particle states.
Though it is possible that these symmetries may be broken due to quantum effects
on the geometry of spacetime [33, 76, 77] we note that there is, intrinsically, nothing
quantum mechanical about the physical space background of the KMMmodel. The
geometry remains classical but its symmetries are unknown, as is the exact form
of the metric, gi j(X), to which they correspond. The symmetries of the momentum
space geometry are also unknown, as is the symplectic structure of the classical
phase space corresponding to the modified Jacobian, J = (1+ αP2)−1 [20, 55].
Despite this, it is often claimed that modifications of the canonical commutators
and phase space volumes correspond to ‘universal’ corrections induced by quan-
tum gravity. In Sec. 2.1.4, we give a critical examination of these claims and argue
against this interpretation of the nonlocal phase space geometry.
2.1.4 The geometry is not quantum
In the current literature, there are many references to the ‘quantum’ geometry ob-
tained by introducing modified phase space volumes. This motivates a host of non-
local gravity models that, it is claimed, follow directly from the quantum gravity
corrections implied by GURs. In this section, we offer a critical examination of the
link between modified commutators and nonlocal geometry, and find that this claim
must be qualified.
It has been observed that modifiedmomentum space volumesmay be obtained by
acting with nonlocal operators on the position space representations of the canon-
ical QM eigenfunctions, 〈x|x′〉 = δ 3(x− x′) and 〈x|p〉 = (2pi h¯)−3/2eip.x/h¯. An oft
used example is the operator eσ
2∆ , where σ is a fundamental length scale and ∆
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is the Laplacian [56, 57, 73, 75]. For convenience, we rewrite this in the spectral
representation as
ζˆ = e−Hˆ0∆ t/h¯ , (36)
where Hˆ0 = |pˆ|2/2m is the canonical free particle Hamiltonian, with pˆ given by Eq.
(20), and
∆ t =
2mσ2
h¯
. (37)
The operator ζˆ reduces to eσ
2∆ in the wave mechanics picture but we may use Eq.
(37) to define its action directly on the basis vectors |x〉 and |p〉. This, in turn, can
be used to define a set of generalised basis vectors, |X〉 and |P〉, such that
〈x|ζˆ |x′〉= eσ2∆ 〈x|x′〉=
(
1√
2piσ
)3
e−(x−x
′)2/2σ2
≡ 〈X|X′〉=
(
1√
2piσ
)3
e−(X−X
′)2/2σ2 , (38)
and
〈x|ζˆ |p〉= eσ2∆ 〈x|p〉=
(
1√
2pi h¯
)3
e−p
2/2σ˜2eip.x/h¯
≡ 〈X|P〉=
(
1√
2pi h¯
)3
e−P
2/2σ˜2eiP.X/h¯ , (39)
where σ˜ = h¯/
√
2σ . Consistency then requires the |P〉 kets to satisfy a modified
normalisation condition and a modified resolution of the identity [57, 75],
〈P|P′〉= e−P2/2σ˜2δ 3(P−P′) ,
∫
|P〉〈P|eP2/2σ˜2d3P= Iˆ . (40)
These differ from the conditions of the KMM model but, as it also modifies the
momentum space volume element, ζˆ ≡ eσ2∆ naturally gives rise to a modified com-
mutator that is a function of P [57, 75].
However, if we are not sufficiently careful, Eq. (38) can be misleading. We must
be careful to distinguish between two inequivalent interpretations of δ 3(X−X′):
• As a representation of the canonical position eigenfunction, 〈X|X′〉= δ 3(X−X′).
This has dimensions of (length)−3 and can be written as a superposition of mo-
mentum eigenstates, δ 3(X−X′) = (2pi h¯)−3 ∫ eiP.(X−X′)/h¯d3P, where P = h¯K.
• As a representation of a classical point source, δ 3(X−X′). This also has di-
mensions of (length)−3 and admits a formal decomposition into plane wave
modes as δ 3(X−X′) = (2pi)−3 ∫ eiK.Xd3K. In this case, (2pi)−3 ∫ eiK.Xd3K 6=
(2pi h¯)−3
∫
eiP.(X−X′)/h¯d3P, since P = h¯K is not applicable.
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It is important to note that delta functions of the second type have nothing to do
with quantum mechanics, but may appear as source terms in the Poisson equation
of classical Newtonian gravity [32].
In the existing literature, it is claimed that the link between the GURs and nonlo-
cal gravity is provided by the semi-classical approach [54, 68]. Here, it is assumed
that curvature is sourced by the expectation value of the energy-momentum tensor
operator, 〈ψ |Tˆµν |ψ〉, but that gravity is described by the classical Einstein tensor,
Gµν , i.e.,
Rµν − 1
2
Rgµν =
8piG
c4
〈ψ |Tˆµν |ψ〉 , (41)
where Rµν is the Ricci tensor and R is the scalar curvature. In the weak field limit,
the semi-classical field equations (41) reduce to [17]
∇2Φ = 4piGm|ψ |2 . (42)
It is then noted that the zero-width limit of the wave function, ∆ψX → 0, yields a
delta function source term, i.e., that
lim
∆ψX→0
|ψ |2 = δ 3(X−X′) . (43)
The standard procedure, therefore, is to substitute |ψ |2 = δ 3(X−X′) into Eq. (42)
and, interpreting the source term as a position eigenfunction, to act on this with
the nonlocal operator eσ
2∆ . On this basis, it is claimed that GURs imply nonlocal
gravity and, furthermore, that the latter arises from ‘quantum’ corrections to the
classical theory [56, 57, 73, 75].
However, after substituting |ψ |2 = δ 3(X−X′) on the right-hand side, Eq. (42)
is equivalent to the Poisson equation for a classical point mass [32]. Acting on the
point mass source term with eσ
2∆ turns local Newtonian gravity into a classical
nonlocal gravity theory, but it is important to recognise that no quantum corrections
are implied. To obtain a true semi-classical theory of gravity, one must solve Eq.
(42) for states with nonzero width. This yields the self-interaction potential for the
well known Schro¨dinger-Newton equation in which Φ becomes a function of |ψ |2
[17, 41].
It may easily be verified that, in the limit ∆ψX → 0, the Schro¨dinger-Newton
potential reduces to the standard Newtonian potential generated by a classical point
mass [17, 41]. In this sense, Eq. (42) remains semi-classical only for properly nor-
malised states, with ∆ψ X > 0. In principle, it is then possible to create a non-
local theory of semi-classical gravity by acting with ζˆ ≡ eσ2∆ on states in the
Schro¨dinger-NewtonHilbert space. The latter step, however, is completely optional,
and is in no way implied by the existence of classical nonlocal gravity theories. To
the best of our knowledge, it has not been attempted.
The action of the nonlocal operator on a δ 3(X−X′) source term therefore ‘blows
up’ a classical point mass into a classical sphere of finite density. If the blow up is
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sufficiently strong, the sphere acquires an effective equation of state that makes it
stiff enough to resist gravitational collapse. In this way, nonlocal gravity models are
able to ‘cure’ the singularity problem encountered in canonical general relativity,
although this also requires the standard energy conditions to be violated [57]. This
part of the usual analysis is valid, but its connection to GURs must now be qualified.
The considerations above show that nonlocal operators ‘blow up’ sections of the
classical phase space. This turns local classical theories into nonlocal classical theo-
ries, but does not incorporate quantum corrections in any way. Similarly, the action
of nonlocal operators turns local quantum mechanics into a nonlocal quantum the-
ory [57, 75]. The HUP exists in the former, whereas GURs are manifested in the
latter via the existence of modified commutators. The claim that the GURs imply
nonlocal gravity is therefore suspect. Instead, it is more accurate to claim that clas-
sical nonlocal gravity and modified commutators have the same underlying cause,
viz. modifications of the classical phase space volumes, over which both classical
densities and quantum mechanical amplitudes (wave functions) must be integrated.
In both cases, the number of degrees of freedom remains the same as in the
corresponding local theory. No new quantum degrees of freedom are introduced. In
this sense, the delocalisation of classical phase space points affected by eσ
2∆ , and
other nonlocal operators, is also manifestly classical. It affects both classical and
quantum theories but is not, in itself, intrinsically quantum in nature.
2.2 What the new approach must achieve
In short, the new approach must address all of the outstanding theoretical issues
discussed in Secs. 2.1.1-2.1.4. It must either solve, or evade, the soccer ball problem
and must not give rise to mass-dependent accelerations, or to velocity-dependent
uncertainties. Finally, the new model should generate GURs via the introduction of
new, genuinely quantum, degrees of freedom. These should describe the quantum
state of the background geometry as a vector in an appropriate Hilbert space. In Sec.
3, we outline the basic formalism of a newmodel that, tentatively, provides solutions
to each of these problems.
3 First formalism - position and linear momentum
In this section, we outline the first formalism of the smeared space model, developed
in [45]. This treats matter and geometry as entangled and allows us to successfully
derive GURs for both position and linear momentum, giving rise to the EGUP.
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3.1 Generalised position measurements
In [45], a new model of quantum geometry was proposed in which each point x in
the classical background is associated with a vector |gx〉 in a Hilbert space, where
|gx〉=
∫
g(x′− x) |x′〉d3x′ , (44)
and g(x′− x) is any normalised function, i.e.,
∫
|g(x′− x)|2d3x=
∫
|g(x′− x)|2d3x′ = 1 . (45)
The motivation for this identification is simple. As discussed in Sec. 2.1.4, clas-
sical nonlocal geometries may be generated by first identifying each point x′ with
a Dirac delta, δ 3(x− x′). Roughly speaking, this is equivalent to stating that the
point x′ is where it should be, in relation to all other points x, with 100% certainty.
Classical nonlocality is then introduced by smearing each delta into a finite-width
probability distribution, P(x− x′). (For example, a normalised Gaussian, as in Eq.
(38).) Note that, in this case, x′ is simply a parameter that determines the position
of the distribution, whereas x is its genuine argument. No new degrees of freedom
are added.
Thus, in order to introduce a genuinely quantum form of nonlocality, we instead
associate the point x′ with the rigged basis vector of a Hilbert space, |x′〉. The latter
is then ‘smeared’ to produce the normalised state |gx〉, given by Eq. (44). Impor-
tantly, 〈x′|gx〉 = g(x′− x) is a genuine quantum mechanical amplitude, not a prob-
ability distribution. It has dimensions of (length)−3/2 rather than (length)−3 and,
potentially, contains nontrivial phase information. This is the first crucial difference
between the smeared space model and the standard nonlocal geometry theories.
However, it is not enough. In [45], it was shown that mapping |x〉 7→ |gx〉, alone,
cannot generate valid probabilities. The problem is that, in canonical QM, |x′〉 rep-
resents the state of quantum particle which is ideally localised at the classical point
x′. It does not represent the quantum state of a spatial point per se. To move forward,
we must introduce new degrees of freedom that explicitly associate quantum state
vectors with points in the classical space. By integrating over the states of individ-
ual points, we may then associate a quantum state with the geometry as a whole.
We therefore begin by associating every classical point x with a basis vector |x〉.
This represents the ideally localised state of a ‘point’ in the quantum geometry, in
the position space representation. We then smear each ideally localised point into a
superposition of all points via the map
S : |x〉 7→ |x〉⊗ |gx〉 . (46)
We may visualise the smearing map (46) as follows: for each point x ∈ R3 in the
classical geometry we obtain one whole ‘copy’ ofR3, doubling the size of the classi-
cal phase space. The resulting smeared geometry is represented by a six-dimensional
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volume, R3×R3, in which each point (x,x ′) is associated with a quantum proba-
bility amplitude, g(x′− x). This is interpreted as the amplitude for the transition
x ↔ x′ and the higher-dimensional space is interpreted as a superposition of three-
dimensional geometries [45, 47]. The correspondence between the classical phase
space and quantum phase space of the model is
x↔ |x〉 , d3x↔ |x〉d3x , ( . , .)↔ . ⊗ . , (47)
where the pairing ( . , .) represents the Cartesian product of two manifolds [45]. In
other words, we introduce additional degrees of freedom at the level of the classical
phase space by allowing R3 7→ R3×R3, then map Cartesian products to tensor
products in a natural way.
Each geometry in the smeared superposition of geometries is flat, but differs from
all others by the pair-wise exchange of two points [45, 47]. 3 In other words, it is
assumed that the interchange of points x ↔ x′ exchanges the associated canonical
amplitudes,ψ(x)↔ψ(x′), but that this leaves the curvature of the space unchanged.
In this limit, the back-reaction generated by the presence of canonical quantummat-
ter, described by the wave function ψ , is neglected. This is consistent with the weak
field limit of classical gravity, in which the gravitational potential is treated, for-
mally, as a scalar potential on a flat Euclidean background [32]. However, in this
model, ‘points’ in the spatial background exist in a superposition of states, and may
undergo stochastic fluctuations as the result of measurements. This affects the statis-
tics of the canonical quantum matter living on, or ‘in’, the space, including the be-
haviour of quantum particles under the influence of different potentials [45]. 4
For simplicity, we may imagine |g(x′− x)|2 as a normalised Gaussian centred
on x′ = x, but, here, x′ is no longer just a parameter. By introducing the tensor
product structure (46), we have doubled the number of degrees of freedom, vis-a`-
vis canonical QM. Those in the left-hand subspace are labelled by x, whereas those
in the right-hand subspace are labelled by x′. This is the second crucial difference
between the smeared space model and the standard nonlocal geometry theories.
The interaction between the primed and unprimed degrees of freedom describes
the interaction between canonical quantum matter and the quantum background ge-
ometry in which it propagates. Thus, the action of S on |x〉 (46) induces a map on
the canonical quantum state vector, |ψ〉= ∫ ψ(x) |x〉d3x, such that
3 In the original smeared space formalism, presented in [45], more general transitions of the form
x → x′ were considered. These permit metric fluctuations with nonzero curvature, which are ex-
pected to arise in the complete theory of quantum gravity [14]. However, the inclusion of these fluc-
tuations is inconsistent with the leading-order approximation of GR in the non-relativistic regime,
in which the Newtonian gravitational potential is treated as a scalar field on a flat Euclidean back-
ground [32]. For this reason, we restrict our attention to transitions of the form x↔ x′ in the weak
field limit, which is consistent with the existence of flat space. See [47] for further discussion of
this point.
4 The interested reader is referred to [45, 47] for full details of the smearing procedure. The pro-
cedure for smearing an arbitrary potential in canonical QM, and for obtaining the corresponding
generalised Schro¨dinger equation for the composite matter-plus-geometry state vector, is outlined
in [45].
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S : |ψ〉 7→ |Ψ〉 , (48)
where
|Ψ〉=
∫ ∫
ψ(x)g(x ′− x) |x,x ′〉d3xd3x′ , (49)
and |x,x′〉 = |x〉⊗ |x′〉. The square of the smeared-state wave function Ψ(x,x′) =
〈x,x′|Ψ〉, i.e., |Ψ(x,x′)|2 = |ψ(x)|2|g(x′ − x)|2, represents the probability distri-
bution associated with a quantum particle propagating in the quantum geometry.
Specifically, since |ψ(x)|2 represents the probability of finding the particle at the
fixed classical point x in canonical QM, |ψ(x)|2|g(x′−x)|2 represents the probabil-
ity that it will now be found, instead, at a new point x′. If g(x) is a Gaussian centred
on the origin, x′ = x remains the most likely value, but fluctuations within a volume
of order∼ σ3g , where σg is the standard deviation of |g(x)|2, remain relatively likely
[45].
In this model, delocalised spatial points exhibit ‘wave-point duality’ and their
relative positions are subject to stochastic fluctuations, induced by coherent transi-
tions between ideally localised states [45, 47]. We now show that, since g(x ′− x)
must have finite width, σg > 0, according to the normalisation condition (45), this
naturally implements a minimum resolvable length scale.
Since an observed value ‘ x′ ’ cannot determine which point(s) underwent
the transition x ↔ x′ in the smeared superposition of geometries, we must sum
over all possibilities by integrating the joint probability distribution |Ψ(x,x′)|2 =
|ψ(x)|2|g(x′− x)|2 over d3x, yielding
d3P(x′|Ψ )
dx′3
=
∫
|Ψ(x,x′)|2d3x= (|ψ |2 ∗ |g|2)(x′) , (50)
where the star denotes a convolution. Here, physical predictions are assumed to be
those of the smeared space theory and the canonical QM of the original (unprimed)
degrees of freedom is only a convenient tool in our calculations. In this formalism,
only primed degrees of freedom represent measurable quantities, whereas unprimed
degrees of freedom are physically inaccessible [45].
The variance of a convolution is equal to the sum of the variances of the indi-
vidual functions, so that the probability distribution (50) gives rise to a GUR which
is not of the canonical Heisenberg type. It is straightforward to verify that the same
statistics can be obtained from the generalised position-measurement operator Xˆ i,
defined as
Xˆ i =
∫
x′i d3Pˆx′ = Iˆ⊗ xˆ′i , (51)
where d3Pˆx′ = Iˆ⊗|x′〉〈x′|d3x′. We then have
(∆ΨX
i)2 = 〈Ψ |(Xˆ i)2|Ψ〉− 〈Ψ |Xˆ i|Ψ 〉2 = (∆ψx′i)2+(∆gx′i)2 . (52)
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Next, we note that the HUP, expressed here in terms of primed variables,
∆ψx
′i∆ψ p′j ≥
h¯
2
δ i j , (53)
(recall that the unprimed degrees of freedom are physically inaccessible), holds in-
dependently of Eq. (52) [45]. Substituting this into Eq. (52), identifying the width
of |g(x)|2 with the Planck length,
∆gx
′i =
√
2lPl , (54)
and Taylor expanding the resulting expression to first order, then yields
∆ΨX
i &
h¯
2∆ψ p′j
δ i j
[
1+α(∆ψ p
′
j)
2
]
, (55)
where α = 4(mPlc)
−2 [45]. In this expression, (∆ψ p′j)
2 = (∆ψ p
′
j) .(∆ψ p
′ j), but no
sum is implied by the repeated index.
For ∆ψx
′i ≫ ∆gx′i ≃ lPl, we have that ∆ΨX i ≃ ∆ψx′i (52). In this limit, Eq. (55)
reduces to the GUP derived from gedanken experiment arguments (5), but with the
heuristic uncertainties ∆xi and ∆ p j replaced by well defined standard deviations.
Importantly, the smeared space GUP does not contain a term proportional to 〈Pˆ〉2ψ ,
unlike the KMM GUP (28). It is therefore compatible with Galilean symmetry and
does not lead to the kind of velocity-dependent uncertainties described in Sec. 2.1.3.
3.2 Generalised momentum measurements
In the momentum space picture, the composite matter-plus-geometry state vector
may be expanded as
|Ψ 〉=
∫ ∫
ψh¯(p)g˜β (p
′−p) |pp′〉d3pd3p′ , (56)
where
ψ˜h¯(p) =
(
1√
2pi h¯
)3 ∫
ψ(x)e−
i
h¯
p.xd3x , (57)
as in canonical QM, and
g˜β (p
′−p) =
(
1√
2piβ
)3 ∫
g(x′− x)e− iβ (p′−p).(x′−x)d3x′ , (58)
where β 6= h¯ is a new action scale [45, 47].
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The momentum space representation of the canonical quantum wave function,
ψh¯(p), is given by the weighted Fourier transform of the position space represen-
tation, ψ(x). The transformation is performed at the scale h¯, which is equivalent to
assuming the standard de Broglie relation, p = h¯k, for the matter sector. Here, we
use the subscript h¯ to emphasise this point. By contrast, the momentum space rep-
resentation of the smearing function, g˜β (p
′−p), is given by the weighted Fourier
transform of g(x′− x), where the transformation is performed at a new scale β .
This represents the quantisation scale for space (rather than matter) and must be
fixed by physical considerations. In [45], it was shown that, in order to reproduce
the observed vacuum energy density, ρΛ = Λc
2/(8piG) ≃ 10−30g .cm−3, where
Λ ≃ 10−56 cm−2 is the cosmological constant [32], β must take the order of magni-
tude value
β = 2h¯
√
ρΛ
ρPl
≃ h¯× 10−61 , (59)
where ρPl ≃ 1093g .cm−3 is the Planck density.
The consistency of Eqs. (49) and (56) requires
〈x,x′|pp′〉=
(
1
2pi
√
h¯β
)3
e
i
h¯
p.xe
i
β
(p′−p).(x′−x)
. (60)
Hence, |pp′〉 represents an entangled state in the rigged basis of the ‘enlarged’
Hilbert space, H ⊗H , where H is the Hilbert space of canonical QM. 5 We
emphasise this by not writing a comma between p and p′, by contrast with |x,x′〉=
|x〉⊗ |x′〉. By complete analogy with the position space representation, g˜β (p ′−p)
is interpreted as the quantum probability amplitude for the transition p ↔ p′ in
smeared momentum space [45, 47]. Analogous reasoning to that presented in Sec.
3.2 then gives
d3P(p ′|Ψ˜)
dp′3
=
∫
|Ψ˜ (p,p′)|2d3p= (|ψ˜h¯|2 ∗ |g˜β |2)(p′) , (61)
and
Pˆj =
∫
p′j d
3
Pˆp ′ , (62)
where d3Pˆp′ =
(∫ |pp′〉〈pp′|d3p)d3p′. It follows that
(∆ΨPj)
2 = 〈Ψ |(Pˆi)2|Ψ〉− 〈Ψ |Pˆj|Ψ 〉2 = (∆ψ p′j)2+(∆gp′j)2 . (63)
5 In fact the Hilbert space is not enlarged, sinceH ⊗H ∼=H . The isomorphism holds because H
is the unique Hilbert space with countably infinite dimensions, i.e., the Hilbert space of canonical
QM in any number of (physical) spatial dimensions [15].
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The general properties of the Fourier transform [64] also ensure that the ‘wave-
point’ uncertainty relation,
∆gx
′i∆gp′j ≥
β
2
δ i j , (64)
holds independently of Eqs. (52) and (63), and of the HUP (53).
For convenience, we denote the position uncertainty of the smearing function as
∆gx
′i = σ ig when |g(x)|2 is chosen to be a Gaussian. Since Gaussians Fourier trans-
form to Gaussians, choosing |gβ (x)|2 to be a normal distribution in the position
space representation implies that |g˜β (p)|2 is a normal distribution in momentum
space. In this case, we denote the momentum uncertainty as ∆gp
′
j = σ˜g j. The in-
equality (64) is saturated for Gaussian distributions, yielding the definition of the
new transformation scale β :
β = (2/3)σ igσ˜gi . (65)
The HUP contains the essence of wave-particle duality or, rather, wave-point-
particle duality, and is a fundamental consequence of the canonical de Broglie rela-
tion p = h¯k. This, in turn, is equivalent to the relation (57), which holds for particles
propagating on a fixed (classical) Euclidean background. By contrast, Eq. (64) rep-
resents the uncertainty relation for quantised spatial ‘points’ (not point-particles ‘in’
space). This follows directly from Eq. (60), which is equivalent to the modified de
Broglie relation
p ′ = h¯k+β (k′−k) . (66)
The new relation holds for particles propagating in the smeared-space background
and the non-canonical term may be interpreted, heuristically, as an additional
momentum ‘kick’ induced by quantum fluctuations of the background geometry
[45, 47].
Substituting the HUP into Eq. (63), identifying the width of |g˜(p)|2 with the de
Sitter momentum,
∆gp
′
j =
1
2
mdSc , (67)
and Taylor expanding to first order yields
∆ΨPj &
h¯
2∆ψx′i
δ i j
[
1+η(∆ψx
′i)2
]
, (68)
where η = (1/2)l−2dS [45, 47]. Here, (∆ψx
′i)2 = (∆ψx′i) .(∆ψx′i), but no sum is im-
plied by the repeated index. For ∆ψ p
′
j ≫ ∆gp′j ≃ mdSc, we have that ∆ΨPj ≃ ∆ψ p′j
(63). In this limit, Eq. (68) reduces to the EUP derived from gedanken experiment
arguments (6), but with the heuristic uncertainties ∆xi and ∆ p j replaced by well
defined standard deviations, as in the derivation of the smeared space GUP given in
Sec. 3.1.
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From our analysis of the KMM GUP, presented in Sec. 2.1.3, it is clear that
an analogous EUP model may be constructed by introducing a modified position
space volume element, (1+ηX2)−1d3X. In this scenario, the momentum space rep-
resentation is not well defined, but an EUP that is similar in form to (68) may be
generated. The main difference is that the KMM-inspired EUP would, necessarily,
include a term proportional to 〈Xˆ〉2ψ . This would violate the Galilean translation in-
variance of physical space, leading to position-dependent momentum uncertainties,
just as the KMM GUP leads to momentum-dependent position uncertainties. We
note that this problematic term is absent from EUP generated by the smeared space
model.
3.3 The EGUP
In Secs. 3.1-3.2, we showed how the smeared space model is able to generate both
the GUP and the EUP using well defined position and momentum space represen-
tations, respectively. We now show how the smeared space GURs can be combined
to give the EGUP. This result is important because, in the modified commutator
approach to the EGUP, neither well defined position space nor well defined momen-
tum space representations are available. Instead, one must resort to a generalised
Bargman-Fock representation [38, 39, 40]. However, first, we show how the model
naturally avoids other problems associated with modified commutators, including
those presented in Secs. 2.1.1-2.1.4.
Equations (52), (53) and (63) can be combined to give
(∆ΨX
i)2 (∆ΨPj)
2 ≥ (h¯/2)2(δ i j)2+(∆ψx′i)2(∆gp′j)2
+ (∆gx
′i)2
(h¯/2)2
(∆ψx′ j)2
+(∆gx
′i)2(∆gp′j)
2 , (69)
plus an analogous relation containing only (∆ψ p
′
j)
2. Optimising the right-hand side
of (69) with respect to ∆ψx
′i, and its counterpart with respect to ∆ψ p′j, yields
(∆ψx
′i)opt =
√
h¯
2
∆gx′i
∆gp′i
, (∆ψ p
′
j)opt =
√
h¯
2
∆gp′j
∆gx′ j
, (70)
so that
∆ΨX
i∆ΨPj ≥
(h¯+β )
2
δ i j . (71)
The same result is readily obtained by noting that the commutator of the generalised
position and momentum observables is
[Xˆ i, Pˆj] = i(h¯+β )δ
i
j Iˆ . (72)
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Equation (71) then follows directly from the Schro¨dinger–Robertson relation (2).
The inequalities in all five uncertainty relations, (52), (53), (63), (64) and (69),
are saturated when |g|2 is chosen to be a Gaussian, for which we denote ∆gx′i =
σ ig and ∆gp
′
j = σ˜g j, and when |ψ |2 is chosen to be a Gaussian with ∆ψx′i =
(∆ψx
′i)opt(σ ig, σ˜gi), ∆ψ p′j = (∆ψ p
′
j)opt(σ
j
g , σ˜g j) (70). This yields the absolute limit,
∆ΨX
i∆ΨPj = (h¯+β )/2 .δ
i
j. Thus, in general, the smeared space model gives rise
to an uncertainty relation of the form ∆ΨX
i∆ΨPj ≥ ·· · ≥ (h¯+β )/2 .δ i j. The term
on the far right-hand side is the generalised Schro¨dinger–Robertson bound, which is
simply a small rescaling of the Schro¨dinger–Robertson bound derived in canonical
QM, such that h¯→ h¯+β . The terms in the middle give rise to GURs.
This shows that the GUP and the EUP may be obtained without introducing
modified commutation relations of the type considered in the existing literature
[39, 76, 77]. We stress that these GURs may be generated by a completely different
mathematical structure, which is compatible with the canonical shift-isometry alge-
bra (now rescaled by h¯+β ), as in Eq. (72). This simple fact allows us to circumvent
virtually all the theoretical problems associated with previous models, including vi-
olation of the EP, Sec. 2.1.1, the soccer ball problem for multiparticle states, Sec.
2.1.2, and the velocity dependence of the minimum length, Sec. 2.1.3. The problems
associated with modified commutators have not been solved. In the smeared space
model, they do not arise in the first place.
In addition, the smeared space GUP and EUP are generated by introducing new
quantum degrees of freedom for the background geometry. This circumvents many
of the problems discussed in Sec. 2.1.4 and allows the model to implement both
minimum length and momentum uncertainties in the presence of commuting posi-
tion and momentum space coordinates, i.e.,
[Xˆ i, Xˆ j] = 0 , [Pˆi, Pˆj] = 0 . (73)
The corresponding uncertainty relations take the form ∆ΨX
i∆ΨX
j & l2Plδ
i j ≥ 0 and
∆ΨPi∆ΨPj &m
2
dSc
2δi j ≥ 0, respectively, where the terms on the far right-hand sides
represent the Schro¨dinger–Robertson limits.
We now have the tools we need to derive the EGUP. This step is also impor-
tant because, in one respect, the GUP and the EUP derived in Secs. 3.1 and 3.2,
respectively, remain unsatisfactory. Specifically, we note that the right-hand side of
the GUP (55) is written entirely in terms of ∆ψ p
′
j. Similarly, the right-hand side of
the EUP (68) is written entirely in terms of ∆ψx
′i. However, in the smeared space
model, neither ∆ψx
′i nor ∆ψ p′j are directly measurable, and only ∆ΨX
i and ∆ΨPj are
physical [45, 47]. It is therefore useful to express the smeared space GUR directly
in terms of these quantities.
Thus, directly combining Eqs. (52), (53) and (63), we obtain
(∆ΨX
i)2(∆ΨPj)
2 ≥ (h¯/2)2(δ i j)2+(∆gx′i)2(∆ΨPj)2
+ (∆ΨX
i)2(∆gp
′
j)
2− (∆gx′i)2(∆gp′j)2 . (74)
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Substituting for ∆gx
′i and ∆gp′j from Eqs. (54) and (67), taking the square root and
expanding to first order, then ignoring the subdominant term of order ∼ lPlmdSc,
yields
∆ΨX
i∆ΨPj &
h¯
2
δ i j
[
1+α(∆ΨPj)
2+η(∆ΨX
i)2
]
, (75)
where
α =
4G
h¯c3
, η =
Λ
6
. (76)
Here, (∆ΨPj)
2 = (∆ΨPj) .(∆ΨP
j) and (∆ΨX
i)2 = (∆ΨX
i) .(∆ΨXi), but no sum is
implied over either repeated index. Equation (75) is analogous to the EGUP ob-
tained by model-independent gedanken experiments, Eq. (7), but with the heuristic
uncertainties replaced by the standard deviations of well defined observables. This
is the primary achievement of the first formalism.
Interestingly, this form of the EGUP is saturated when the position and momen-
tum uncertainties of the canonical quantummatter take the optimum values provided
by Eqs. (54), (67) and (70), i.e.,
(∆ψx
′)opt = lΛ , (∆ψ p′)opt =
1
2
mΛ c , (77)
where lΛ ≃
√
lPlldS ≃ 0.1 mm and mΛ ≃√mPlmdS ≃ 10−3 eV. This gives rise to a
minimum energy density of order
Eψ ≃ 3
4pi
(∆ψ p
′)opt c
(∆ψx′)3opt
≃ ρΛc2 = Λc
4
8piG
, (78)
as required by current cosmological data [2, 9, 62, 66]. In other words, the wave
function corresponding to a space-filling ‘sea’ of dark energy particles, each of mass
mΛ ≃ 10−3 eV and Compton radius lΛ ≃ 0.1 mm, would minimise the right-hand
side of Eq. (75). In this scenario, dark energy would remain approximately constant
over large distances, but may appear granular on sub-millimetre scales [4, 12, 29,
42, 43, 44, 45, 48, 61].
3.4 Implications for the measurement problem
To conclude our treatment of the first formalism, we note that the smeared space
model has important implications for the description of measurement in quantum
mechanics. We now illustrate these by considering a generalised position measure-
ment, in detail. Applying the generalised position operator Xˆ = Xˆ iei(0) to an arbi-
trary pre-measurement state |Ψ〉 returns a random measured value, x′, and projects
the state in the fixed background subspace of the tensor product onto
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|ψx′〉=
1
(|ψ |2 ∗ |g|2)(x′)
∫
ψ(x)g(x′− x) |x〉d3x , (79)
with probability (|ψ |2 ∗ |g|2)(x′) [45]. The total state is then |ψx′〉 ⊗ |x′〉, which
is un-normalisable and therefore unphysical. This is analogous to the action of the
canonical position measurement operator on |ψ〉, which projects onto the unphysical
state |x〉 with probability |ψ(x)|2.
However, in the smeared space formalism, we must reapply the fundamen-
tal ‘smearing’ map (46) to complete our description of the measurement process
[45, 47]. The smeared measurement may therefore be split into two parts. In the
first, an ideal projective measurement is performed on the second subspace of the
tensor product, which corresponds to the observable position x′. This yields the mea-
sured value of position, but, as in canonical QM, the resulting state is unphysical.
Re-application of the map (46) the re-smears the ideally localised point in the quan-
tum background geometry, giving rise to a finite width for the post-measurement
composite state |Ψ〉 [45, 47].
Hence, although the generalised position measurements, represented by the ap-
plication of the map (46) to the state (79), yield precise measurement values, the
post-measurement states are always physical, with well defined norms. Their posi-
tion uncertainties, which may be determined by performing multiple measurements
on ensembles of identically prepared systems, never fall below the fundamental
smearing scale, ∆gx
′i ≃ lPl. Analogous considerations hold for generalised momen-
tum measurements, with the corresponding minimum uncertainty ∆gp
′
j ≃ mdSc.
In this section, we have presented only a brief overview of the first smeared space
formalism. The interested reader is referred to [45, 47] for further details.
4 Second formalism - angular momentum and spin
In this section, we present a second, unitarily equivalent, formalism for the smeared
space model, originally developed in [47]. This treats the composite matter-plus-
geometry system as a separable state, and enables us to extend our analysis to in-
clude angular momentum and spin.
4.1 (Un-)entangling algebras
For the generalised position and momentummeasurements defined in Secs. 3.1-3.2,
we were able to exploit a simple property of convolutions to obtain the GURs (52)
and (63), respectively. In each case, the total variance split into the sum of the vari-
ances associated with the canonical QM wave function, ψ , and the geometric part,
g. However, for more complicated functions of Xˆ and Pˆ, the presence of the entan-
gled momentum space basis |pp′〉 (60) prevents such a neat decomposition [47]. For
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this reason, it is useful to introduce a unitary transformation that ‘symmetrises’ the
position and momentum space bases.
In the symmetrised bases, the composite matter-plus-geometry state |Ψ〉 be-
comes separable and both Xˆ and Pˆ split into the sum of two terms. The first terms
act nontrivially only on the first subspace of the tensor product, whose quantum
properties are determined by h¯, whereas the second terms act nontrivially only on
the second subspace, whose quantum properties are determined by β . The rescaled
Heisenberg algebra (72)-(73), which is equivalent to the translation isometry alge-
bra of Euclidean space, weighted by the factor (h¯+β ), then splits into two ‘copies’.
The first copy is a representation of the shift-isometry algebra weighted by h¯, and is
therefore equivalent to the Heisenberg algebra of canonical QM, whereas the second
copy is weighted by β .
Thus, by unentangling matter and geometry in the composite state |Ψ 〉, we also
‘unentangle’ the rescaled algebra (72)-(73). We show that this arises from the com-
bination of two subalgebras, one of which holds for the matter sector and one of
which holds for the quantum state of the geometry. Roughly speaking, the former
symmetries generate the physical momenta of canonical quantum particles, whereas
the latter generate the physical momenta carried by the quantum state of the back-
ground. Since the primed and unprimed degrees of the freedom interact via the
modified de Broglie relation (66), these subalgebras combine to form the rescaled
algebra for the composite matter-plus-geometry system, Eqs. (72)-(73).
The symmetrised bases also allow us to decompose the generalised angular mo-
mentum algebra in a similar way. In this case, there exist nontrivial cross terms,
i.e., terms that act nontrivially on both subspaces of the tensor product, and the
subalgebra structure is more complicated. The variance of the generalised angu-
lar momentum operator, (∆ΨLi)
2, then splits into the sum of a pure matter part
and a pure geometry part, plus covariance terms involving both the matter and
geometry sectors. However, this is sufficient for our purposes. The first of these
terms represents the contribution to the total uncertainty given by the canonical
QM degrees of freedom. The rest are non-canonical and arise directly as a re-
sult of the smearing map (46). This allows us to construct GURs of the form
∆ΨLi∆ΨL j ≥ (QM terms)+ (quantum geometry corrections) in Sec. 4.2. By anal-
ogy, we construct GURs for generalised spin measurements in Sec. 4.3. These rep-
resent the two main achievements of the second formalism.
Let us begin by constructing the unitary operator
Uˆβ = exp
[
− i
β
(Iˆ⊗ pˆ′).(xˆ⊗ Iˆ)
]
, (80)
whose action on the original smeared space basis is
Uˆβ |x,x′〉= |x,x′− x〉 , (81)
Uˆβ |pp′〉= |p,p′−p〉 . (82)
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Here, we again assume that h¯ sets the quantisation scale for the degrees of free-
dom in the first subspace of the tensor product, while β sets the quantisation scale
for the degrees of freedom in the second subspace. Hence, β−1(Iˆ⊗ pˆ′) generates
translations on the second vector of the basis |x,x′〉, just as h¯−1(pˆ⊗ Iˆ) generates
translations on the first. This accounts for Eq. (81). Equation (82) then follows by
combining Eqs. (80)–(81) with Eq. (60).
Together, Eqs. (60) and (80)–(81) imply
〈x,x′|pp′〉= 〈x|p〉1 〈x′− x|p′−p〉2 , (83)
where
〈x|p〉1 =
(
1√
2pi h¯
)3
e
i
h¯
p.x , (84)
as in canonical QM, and
〈x′− x|p′−p〉2 =
(
1√
2piβ
)3
e
i
β
(p′−p).(x′−x)
. (85)
In Eqs. (83)–(85), we use the subscripts 1 and 2 to indicate which subspace of the
tensor product state the brakets belong to. This is to avoid confusion since, in these
expressions, the degrees of freedom in each subspace are no longer labelled exclu-
sively by primed or unprimed variables, as they were previously. Nonetheless, they
remain consistent with our convention that h¯ sets the quantisation scale for degrees
of freedom in the first subspace of the tensor product, while β sets the quantisation
scale for degrees of freedom in the second. We repeat that the former are associated
with canonical quantum matter whereas the latter are associated with the quantum
state of the background geometry.
Using these results, we map the smeared space operators Xˆ i and Pˆj, and the
smeared state |Ψ 〉, according to
Xˆ i 7→ Uˆβ Xˆ iUˆ†β =
∫ ∫
x′i |x〉〈x|⊗ |x′− x〉〈x′− x|d3xd3x′ (86)
Pˆj 7→ Uˆβ PˆjUˆ†β =
∫ ∫
p′j |p〉〈p|⊗ |p′−p〉 〈p′−p|d3pd3p′ (87)
and
|Ψ〉 7→ Uˆβ |Ψ〉 =
∫ ∫
g(x′− x)ψ(x) |x,x′− x〉d3xd3x′
=
∫ ∫
g˜β (p
′−p)ψ˜h¯(p) |p,p′−p〉d3pd3p′
= |ψ〉⊗ |g〉 . (88)
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Note that Eq. (88) implicitly defines the state |g〉, which is distinct from the state |gx〉
defined in Eq. (44). Physically, |gx〉 represents the quantum state associated with the
smeared ‘point’ x, whereas |g〉 represents the quantum state associated with whole
background space. From here on, we use Xˆ i, Pˆj and |Ψ〉 to refer to the unitarily
equivalent forms of the generalised position and momentum operators, (86) and
(87), and smeared state (88), respectively, unless stated otherwise.
Next, we split each of the generalised operators (86) and (87) into the sum of two
terms as
Xˆ i = Qˆi+ Qˆ′i = (qˆi⊗ Iˆ)+ (Iˆ⊗ qˆ′i) , (89)
Pˆj = Πˆ j+ Πˆ
′
j = (pˆi j⊗ Iˆ)+ (Iˆ⊗ pˆi ′j) , (90)
where
Qˆi = (qˆi⊗ Iˆ) =
∫ ∫
xi |x〉 〈x|⊗ |x′− x〉〈x′− x|d3xd3x′ ,
Qˆ′i = (Iˆ⊗ qˆ′i) =
∫ ∫
(x′i− xi) |x〉 〈x|⊗ |x′− x〉 〈x′− x|d3xd3x′ , (91)
and
Πˆ j = (pˆi j⊗ Iˆ) =
∫ ∫
p j |p〉 〈p|⊗ |p′−p〉 〈p′−p|d3pd3p′ ,
Πˆ ′j = (Iˆ⊗ pˆi ′j) =
∫ ∫
(p′j− p j) |p〉〈p|⊗ |p′−p〉〈p′−p|d3pd3p′ . (92)
In other words, we define the new classical variables
X = x′ , q = x , q′ = (x′− x) , (93)
P = p′ , pi = p , pi ′ = (p′−p) , (94)
and construct their quantum operator counterparts.
Note that, in this formulation of the smeared space model, measurable quantities
are no longer expressed in terms of primed variables only. That is, neither qi nor
q′i are directly measurable, and only their sum qi+ q′i = x′i is physical. Similarly,
neither pi j nor pi
′
j is measurable individually, only pi j+pi
′
j = p
′
j. This has important
physical consequences.
In the first formalism of the smeared space model [45], summarised in Sec. 3,
the wave functions corresponding to matter and geometry are entangled, as hypoth-
esised in [37]. However, in the alternative formalism presented here, they are not.
Nonetheless, physical measurements are represented by operators that act on both
subsytems of the tensor product state |Ψ〉, regardless of our choice of basis. Fur-
thermore, since the basis transformation (81) is a unitary operation, the effects of
geometry-matter entanglement in the first formalism cannot be ‘undone’ by this
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change. In other words, although the entanglement of states is basis-dependent,
and therefore not fundamental, predictions for the results of physical measurements
arise from the combination of both states and operators. These predictions are basis-
independent, as required [47].
From Eqs. (91) and (92) it is straightforward to show that the new operators{
Qˆi,Πˆi, Qˆ
′i,Πˆ ′i
}3
i=1
satisfy the algebra
[Qˆi,Πˆ j] = ih¯δ
i
j Iˆ , [Qˆ
′i,Πˆ ′j] = iβ δ
i
j Iˆ , (95a)
[Qˆi,Πˆ ′j] = [Qˆ
′i,Πˆ j] = 0 , (95b)
[Qˆi, Qˆ j] = [Qˆ′i, Qˆ′ j] = 0 , (95c)
[Πˆi,Πˆ j] = [Πˆ
′
i ,Πˆ
′
j] = 0 , (95d)
[Qˆi, Qˆ′ j] = 0 , [Πˆi,Πˆ ′j] = 0 . (95e)
Together, Eqs. (95a) and (95b) recover Eq. (72) and the remaining commutation
relations (95c)-(95e) recover the rest of the rescaled Heisenberg algebra, Eqs. (73).
We then have
(∆ΨX
i)2 = (∆ΨQ
i)2+(∆ΨQ
′i)2 , (96)
(∆ΨPj)
2 = (∆Ψ Π j)
2+(∆Ψ Π
′
j)
2 , (97)
since covΨ (Qˆ
i, Qˆ′i) = covΨ (Qˆ′i, Qˆi) = 0 and covΨ (Πˆ j,Πˆ ′j) = covΨ (Πˆ
′
j,Πˆ j) = 0,
where cov(X ,Y ) = 〈XY 〉− 〈X〉〈Y 〉 denotes the covariance of the random variables
X and Y . The operator pairs
{
Qˆi, Qˆ′i
}3
i=1
and
{
Πˆi,Πˆ
′
i
}3
i=1
are uncorrelated, because
they act on separate subspaces of the total state |Ψ〉, so that the two ‘copies’ of the
shift-isometry algebra commute [47].
Comparing of Eqs. (96) and (97) with Eqs. (52) and (63), respectively, shows that
∆ΨQ
i = ∆ψx
′i , ∆ΨQ′i = ∆gx′i , (98)
∆Ψ Π j = ∆ψ p
′
j , ∆Ψ Π
′
j = ∆gp
′
j . (99)
We now see the origin of the smeared space GUP (52) and EUP (63), plus the
rescaled commutation relation (72), more clearly. One copy of the shift-isometry
algebra, scaled by h¯, generates the linear momentum of the matter sector. This is
equivalent to the canonical position-momentum commutator for a quantum point-
particle. In addition, the linear momentum carried by ‘points’ in the quantum back-
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ground geometry is generated by a second copy of this algebra, scaled by β . Since
the two representations commute, and, since each copy of the position-momentum
commutator is proportional to the same constant, δ i j, we are left with a single factor
of (h¯+β )/2 .δ i j on the right-hand side of Eq. (72).
The analysis above shows that the ultimate origin of both the rescaling h¯→ h¯+β
and the GURs (96)-(97), which are equivalent to the GUP (52) and EUP (63), re-
spectively, is the generalised algebra (95a)–(95e). This gives a clearer picture of how
GURs may emerge from theories in which Euclidean symmetries are preserved. In
short, while standard approaches seek to generate GURs by breaking Euclidean in-
variance [39, 76, 77], we generate them by extending it. We apply the Euclidean
symmetry algebra to two states in a separable tensor product, |Ψ〉= |ψ〉⊗ |g〉 (88).
The first state represents the canonical quantum matter living on, or ‘in’, the back-
ground geometry, while the second state represents the geometry itself. The latter is
endowed with new, genuinely quantum, degrees of freedom. The quantum mechan-
ical amplitudes associated with both subspaces contribute to the total position and
momentum uncertainties, as in Eqs. (96)-(97).
Next, we use the alternative formalism presented here to derive the generalised
algebra for smeared angular momentum operators. By analogy with our previous
results, we show that this corresponds to a simple rescaling of the canonical so(3)
Lie algebra, such that h¯→ h¯+β , plus a complex subalgebra structure that gives rise
to GURs for angular momentum.
4.2 Generalised angular momentum measurements
As each geometry in the smeared superposition of geometries in intrinsically flat
(see Sec. 3.1), we may construct the generalised displacement and momentum
vector operators by analogy with their canonical counterparts as Xˆ = Xˆ iei(0) and
Pˆ = Pˆje
j(0), respectively, where ηi j(X) = 〈ei(X),e j(X)〉 = diag(1,1,1) and the X
denote global Cartesians. These expressions are formally the same as those given
in Eq. (27), for the KMM model, but with Xˆ i and Pˆj given by Eqs. (86) and (87).
However, in this case, we can be sure that these definitions are compatible with the
generalised commutator (72), since this respects symmetries of Euclidean space. 6
The smeared space angular momentum operator is then defined as
6 A priori, we cannot be sure that Eq. (27) is compatible with the generalised commutator in the
KMM case, or in any other modified commutator model. Although the standard assumptions that
Xˆ = Xˆ iei(0) and Pˆ = Pˆje
j(0), even when [Xˆ i, Pˆj] 6= const.× δ i j [39, 76, 77], may be compatible
with each other, this is not clear unless the isometries of the background, and the coordinate axes
to which the values X i and Pj refer, are specified explicitly. The latter is equivalent to specifying
the tangent space structure at each point X , which, in turn, is equivalent to specifying the metric
geometry of real space [20, 55]. Potentially, these considerations indicate yet another inconsistency
of modified commutator models, and are of particular relevance for generalised models of angular
momentum [11, 39]. (See [47] for further discussion.) For the necessity of quantising in global
Cartesians, which only exist in flat space [20, 55], see [53].
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Lˆ = Xˆ× Pˆ . (100)
and its Cartesian components are given by
Lˆi = (Xˆ× Pˆ)i = εi j kXˆ jPˆk , (101)
where εi j
k is the Levi-Civita symbol. This is defined to be +1 for symmetric per-
mutations of the indices 1,2 and 3, −1 for antisymmetric permutations, and zero if
any two indices are equal [20, 55]. We stress that the operator Lˆ = Lˆie
i(0) is well
defined by Eqs. (100)-(101) only because the vectors X = X iei(0), P = Pje
j(0), and
pseudo vector L = Lie
i(0), are well defined in Euclidean geometry [50]. Potentially,
any modification of the Heisenberg algebra, such that [Xˆ i, Pˆj] 6= const.× δ i j, may
be incompatible with constructions of this form [47].
From Eqs. (72), (73) and (101), it also follows that
[Lˆi, Xˆ
k] = i(h¯+β )εi j
kXˆ j , [Lˆi, Pˆj] = i(h¯+β )εi j
kPˆk (102)
and
[Lˆi, Lˆ j ] = i(h¯+β )εi j
kLˆk , (103)
[Lˆ2, Lˆi] = 0 . (104)
Hence, all the operators of the smeared space model, considered so far, respect the
symmetries of canonical QM. The generalised algebras are equivalent to the canon-
ical ones, but with the simple rescaling h¯→ h¯+β . In particular, Eq. (103) is simply
a representation of the so(3) algebra of Euclidean space, which represents rotational
invariance [36].
Because of this, it is not immediately clear how (or why) smeared space is ca-
pable of generating GURs for angular momentum, or for any other observables.
The key point is that, although the model implies only a simple rescaling of the
canonical Schro¨dinger–Robertson bound, for any pair of operators, it nonetheless
generates GURs of the form ∆ΨX
i∆ΨPj ≥ ·· · ≥ (h¯+β )/2 .δ i j, ∆ΨLi∆ΨL j ≥ ·· · ≥
(h¯+β )/2 . |εi jk 〈Lˆk〉Ψ |, etc. The dots in the middle of each of these expressions rep-
resent a sum of terms which is generically larger than the Schro¨dinger–Robertson
bound on the far right-hand side. The resulting hierarchy of inequalities is saturated
only under specific conditions, in which the terms in the middle are optimised with
respect to the relevant variables.
Therefore, in order to gain deeper insight into the behaviour of angular momen-
tum in the smeared space model, we must investigate the origins of the relations
(102)–(104) in more detail. We now show explicitly that, despite their almost canon-
ical form (except for the rescaling h¯→ h¯+ β ), these expressions are compatible
with GURs of the type discussed above. In this sense, they are analogous to Eq.
(71), which, despite its canonical form (except for h¯→ h¯+β ), is compatible with
the EGUP (75).
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In terms of our new position and momentum operators, (89) and (90), the com-
ponents of the generalised angular momentum may be written as
Lˆi = Lˆi+ Lˆ
′
i + Λˆi+ Λˆ
′
i , (105)
where
Lˆi = εi j
kQˆ jΠˆk , Lˆ
′
i = εi j
kQˆ′ jΠˆ ′k ,
Λˆi = εi j
kQˆ jΠˆ ′k , Λˆ
′
i = εi j
kQˆ′ jΠˆk . (106)
It is then straightforward to verify that the individual subcomponents of the gener-
alised generators (105),
{
Lˆi,Lˆ
′
i ,Λˆi,Λˆ
′
i
}3
i=1
, satisfy the algebra
[Lˆi,Lˆ j] = ih¯εi j
k
Lˆk , [Lˆ
′
i ,Lˆ
′
j ] = iβ εi j
k
Lˆ
′
k , (107a)
[Lˆi,Lˆ
′
j ] = [Lˆ
′
i ,Lˆ j] = 0 , (107b)
[Lˆi,Λˆ j]− [Lˆ j,Λˆi] = ih¯εi j kΛˆk , (107c)
[Lˆi,Λˆ
′
j]− [Lˆ j,Λˆ ′i ] = ih¯εi jkΛˆ ′k , (107d)
[Lˆ ′i ,Λˆ j]− [Lˆ ′j ,Λˆi] = iβ εi jkΛˆk , (107e)
[Lˆ ′i ,Λˆ
′
j]− [Lˆ ′j ,Λˆ ′i ] = iβ εi j kΛˆ ′k , (107f)
[Λˆi,Λˆ j] = [Λˆ
′
i ,Λˆ
′
j] = 0 , (107g)
[Λˆi,Λˆ
′
j]− [Λˆ j,Λˆ ′i ] = iβ εi jkLˆk+ ih¯εi jmLˆ ′m . (107h)
Note that summing the left-hand sides of Eqs. (107a)–(107h) yields the generalised
commutator [Lˆi, Lˆ j] whereas summing the right-hand sides yields i(h¯+β )εi j
kLˆk, as
required.
Equations (107a) confirm that Lˆi and Lˆ
′
i represent genuine angular momentum
operators since the subsets
{
Lˆi
}3
i=1
and
{
Lˆ ′i
}3
i=1
satisfy the required algebras, that
is, appropriately scaled representations of so(3). According to our previous inter-
pretation of the tensor product state (88), Lˆi represents the angular momentum of
the canonical quantum state vector |ψ〉 (quantised at the scale h¯), whereas Lˆ ′i rep-
resents the angular momentum associated with the quantum state of the background
|g〉 (quantised at the scale β ). By contrast, Eqs. (107g) and (107h) show that Λˆi and
Λˆ ′i do not represent components of angular momentum in their own right. These
‘cross terms’ determine the effect, on the angular momentum of a canonical quan-
tum particle, of its interaction with the smeared background space.
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We also note that, since neither Λˆi nor Λˆ
′
i commute with either Lˆi or Lˆ
′
i , it is
impossible for a smeared state |Ψ〉 to be an eigenvector of all four subcomponents
of Lˆi simultaneously. Nonetheless, Eq. (104) demonstrates that the simultaneous
eigenvectors of Lˆ2 and Lˆi form a valid basis of the Hilbert space with countably
infinite dimensions, H . Hence, if both |ψ〉 and |g〉 are angular momentum eigen-
states of their respective operators, i.e., if Lˆi |Ψ〉 = mh¯ |Ψ〉 and Lˆ ′i |Ψ〉 = m′β |Ψ 〉
for some m,m′ ∈ Z, the total state |Ψ〉= |ψ〉⊗ |g〉 is not an eigenstate of Lˆi. In this
way, single-particle smeared states differ starkly from unentangled bipartite states
in canonical QM, |ψtot〉= |ψ1〉⊗ |ψ2〉 [65].
Alternatively, we may write the generalised operator Lˆi as
Lˆi = Lˆi+ Lˆ
′
i + Lˆi , (108)
where
Lˆi = Λˆi+ Λˆ
′
i . (109)
Arguably, this is a more physically relevant decomposition than Eq. (105) since it
is the sum of terms (109) that represents the total interaction of the particle with the
background. The new subcomponents
{
Lˆi,Lˆ
′
i , Lˆi
}3
i=1
then satisfy the algebra
[Lˆi,Lˆ j] = ih¯εi j
k
Lˆk , [Lˆ
′
i ,Lˆ
′
j ] = iβ εi j
k
Lˆ
′
k , (110a)
[Lˆi,Lˆ
′
j ] = [Lˆ
′
i ,Lˆ j] = 0 , (110b)
[Lˆi, Lˆ j ]− [Lˆ j, Lˆi] = ih¯εi jkLˆk , (110c)
[Lˆ ′i , Lˆ j ]− [Lˆ ′j , Lˆi] = iβ εi j kLˆk , (110d)
[Lˆi, Lˆ j] = iβ εi j
k
Lˆk+ ih¯εi j
m
Lˆ
′
m , (110e)
We note that Eqs. (110a)-(110e) are less restrictive than Eqs. (107a)-(107h), in
the sense that the former imply the latter, but the latter do not necessitate the former.
Thus, we may in principle construct an alternative set of operators
{
Lˆi,Lˆ
′
i , Lˆi
}3
i=1
,
which are not defined by Eqs. (106) and (109), but which nonetheless satisfy the
algebra (110). In this work, we will not investigate alternative solutions of either
(107) or (110) in detail. However, we note that, keeping our previous definitions of
Lˆi and Lˆ
′
i , given in Eq. (106), and defining the new operators Lˆi =
2√
h¯β
εi
jkLˆ jLˆ
′
k
(*), we may satisfy Eqs. (110a)–(110d) but not Eq. (110e).
The operators (*) are not equivalent to those defined in Eq. (109) and do not fully
satisfy the algebra (110). Nonetheless, they offer an important clue about gener-
alised spin physics in the smeared space model, which will be considered in detail in
Sec. 4.3. Therein, we show that it is straightforward to construct finite-dimensional
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analogues of the subcomponents
{
Lˆi
}3
i=1
and
{
Lˆ ′i
}3
i=1
. However, it it is far less
obvious how to construct spin-operator counterparts of the commuting components{
Λˆi
}3
i=1
and
{
Λˆ ′i
}3
i=1
. Despite this, simple spin-operator analogues of the total in-
teraction terms
{
Lˆi
}3
i=1
exist. These take a form analogous to (*) but with Lˆi and
Lˆ ′i replaced by their finite-dimensional counterparts. We the show that, if the spin
part of background state |g〉 is assumed to be fermionic, with eigenvalues±β/2, the
resulting generalised spin operators satisfy all the equations of a generalised spin al-
gebra. This algebra has the same formal structure as Eqs. (110a)-(110e). Together,
these generate a rescaled su(2) algebra for the total spin operators, which act on the
composite matter-plus-geometry state, with h¯ → h¯+ β . The subalgebra structure
also gives rise to GURs for the generalised spin measurements.
Yet again, we assume that only material degrees of freedom are physically acces-
sible, i.e., that measurements are performed on material bodies in space, but that the
geometry is not probed directly. Nonetheless, the consistency of our model requires
spinning particles to interact with the spin of the smeared spatial background, in a
way that affects their measured values. This is formally analogous to the interaction
between angular momenta, represented by the algebra (110a)-(110e).
However, before considering the case of spin, we demonstrate that the gener-
alised algebras (107a)-(107h) and (110a)-(110e) generate GURs for angular mo-
mentum. Depending on which algebra we choose, the uncertainties of the gener-
alised angular momentum operators
{
Lˆi
}3
i=1
(105) may be expressed in terms of
the subcomponents
{
Lˆi,Lˆ
′
i ,Λˆi,Λˆ
′
i
}3
i=1
or
{
Lˆi,Lˆ
′
i , Lˆi
}3
i=1
, respectively. In terms
of the first set of subcomponents, the variance of an individual component of the
generalised angular momentum, (∆ΨLi)
2, is
(∆ΨLi)
2 = (∆Ψ Li)
2+(∆ΨL
′
i )
2+(∆Ψ Λi)
2+(∆Ψ Λ
′
i )
2
+ cov(Lˆi,Λˆi)+ cov(Λˆi,Lˆi)
+ cov(Lˆi,Λˆ
′
i )+ cov(Λˆ
′
i ,Lˆi)
+ cov(Lˆ ′i ,Λˆi)+ cov(Λˆi,Lˆ
′
i )
+ cov(Lˆ ′i ,Λˆ
′
i )+ cov(Λˆ
′
i ,Lˆ
′
i )
+ cov(Λˆi,Λˆ
′
i )+ cov(Λˆ
′
i ,Λˆi) , (111)
since cov(Lˆi,Lˆ
′
i ) = cov(Lˆ
′
i ,Lˆi) = 0. The first term on the right-hand side repre-
sents the contribution to the total uncertainty from the canonical QM wave function
ψ , the second represents the pure geometric part (that is, the contribution from g),
and the additional contributions are generated by operators that cannot be decom-
posed as either Iˆ⊗ (. . .) or (. . . )⊗ Iˆ. Thus, Eq. (111) is analogous in form to Eqs.
(96) and (97), but with additional cross terms, i.e., terms generated by operators that
do not act on one subspace of the composite state |Ψ〉= |ψ〉⊗ |g〉 (88) alone.
We recall that Eqs. (96) and (97) are equivalent to Eqs. (52) and (63) and that
these generate the GUP and the EUP, respectively, in the smeared space model. In
the case of GURs for position and linear momentum, we were able to use a simple
theorem about the structure of convolutions to obtain Eqs. (52) and (63), even when
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momentum space representation of |Ψ〉 was expressed in terms of the entangled
basis |pp ′〉 (60). However, in the case of angular momentum, it was necessary to
first express |Ψ 〉 in terms of a separable basis (88) and to define the corresponding
‘split’ operators (89) and (90), before the generalised uncertainties (∆ΨLi)
2 could
be decomposed into canonical and non-canonical parts. We stress that only the first
term on the right-hand side of Eq. (111) is present in canonical QM. All additional
terms are non-canonical and arise as a direct consequence of the smearing procedure
(46).
Multiplying Eq. (111) by a similar expression for (∆ΨL j)
2, we obtain the GUR
for orbital angular momentum implied by the smeared space model. Though it is
beyond the scope of this work to investigate the consequences of this relation in
detail, we note that it is of the general form
(∆ΨLi)
2(∆ΨL j)
2 ≥ ·· · ≥
(
h¯+β
2
)2
|(εi j k)2 〈Lˆk〉2Ψ | , (112)
as expected. The leading contribution to the terms in the middle is of the form
(∆Ψ Li)
2(∆Ψ L j)
2 ≥ (h¯/2)2|(εi j k)2 〈Lˆk〉2Ψ |, which is equivalent angular momen-
tum uncertainty relation of canonical QM. All other terms represent contributions
due to the interaction of the particle with the smeared background. In terms of the
second set of subcomponents, (∆ΨLi)
2 may also be written as
(∆ΨLi)
2 = (∆Ψ Li)
2+(∆ΨL
′
i )
2+(∆ΨLi)
2
+ cov(Lˆi, Lˆi)+ cov(Lˆi,Lˆi)
+ cov(Lˆ ′i , Lˆi)+ cov(Lˆi,Lˆ
′
i ) . (113)
Multiplying by the equivalent expression for (∆ΨL j)
2, we obtain an alternative (and
simpler) form of the GUR for smeared space angular momentum. This is still of the
general type given by Eq. (112).
4.3 Generalised spin measurements
To construct a mathematical model of spin measurements in smeared space, we
proceed by analogy with the historical development of canonical QM (see [47] for
details). Hence, we seek a set of constant valued matrices
{
Sˆi
}3
i=1
that satisfy the
same algebraic structures as the components of angular momentum
{
Lˆi
}3
i=1
.
In the canonical theory, the relevant algebra for the angular momentum opera-
tors is simply the three-dimensional rotation algebra, so(3), scaled by a factor of h¯.
However, in the smeared space model, the situation is more complicated. In Sec.
4.2, we showed how the smeared space angular momentum operators can be de-
composed into the sum of four terms: a canonical quantum term Lˆi acting on the
first subspace of the tensor product state |Ψ〉 (88), a ‘pure’ geometric part Lˆ ′i act-
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ing on the second subspace, and two cross terms, Λˆi and Λˆ
′
i , that act nontrivially on
both subspaces (105)–(106). The subcomponents
{
Lˆi,Lˆ
′
i ,Λˆi,Λˆ
′
i
}3
i=1
were found to
obey the subalgebra defined by Eqs. (107a)–(107h). Together, these equations en-
sure that the rescaled so(3) Lie algebra, with h¯→ h¯+β (103), holds for {Lˆi}3i=1.
In addition, we used the alternative definition Lˆi = Λˆi + Λˆ
′
i (109), leading to the
subalgebra (110a)–(110e) for
{
Lˆi,Lˆ
′
i , Lˆi
}3
i=1
.
Hence, when searching for generalised spin operators, whose eigenvalues are to
be interpreted as the possible spins of the composite matter-plus-geometry quan-
tum state, we have three possible options to explore. First, we may search for exact
analogues of Eqs. (105) and (106). This requires that Sˆi be decomposed into the
sum of four terms, Sˆi = Sˆi+ Sˆ
′
i + Σˆi+ Σˆ
′
i , where Sˆi = εi j
kαˆ jβˆk, Sˆ
′
i = εi j
kαˆ ′ jβˆ ′k,
Σˆi = εi j
kαˆ j βˆ ′k and Σˆ
′
i = εi j
kαˆ ′ j βˆk. In this case, αˆ i and βˆ j are required to be
finite-dimensional constant valued matrices, acting on the first spin-subspace of
the smeared tensor product state, that also satisfy the h¯-scaled Heisenberg alge-
bra, i.e., [αˆ i, βˆ j] = ih¯δ
i
j Iˆ, [αˆ
i, αˆ j ] = 0, [βˆi, βˆ j] = 0. Similarly, αˆ
′i and βˆ ′j must
be finite-dimensional constant valued matrices, acting on the second subspace of
the tensor product, that satisfy the β -scaled Heisenberg algebra [αˆ ′i, βˆ ′j] = iβ δ
i
j Iˆ,
[αˆ ′i, αˆ ′ j ] = 0, [βˆ ′i , βˆ
′
j] = 0. The requirement that each representation of the Heisen-
berg algebra acts on a different subspace of the product state also ensures that
[αˆ i, αˆ ′ j] = 0, [βˆi, βˆ ′j] = 0, [αˆi, βˆ
′
j] = 0 and [αˆ
′
i , βˆ j] = 0. (Here, Iˆ is used to denote
the tensor product of two finite-dimensional subspaces, corresponding to the spins
of matter and geometry, respectively.)
However, it is straightforward to show that no such matrices exist. The matri-
ces that are most similar to those we require are finite-dimensional representations
of the Heisenberg group [7]. This group has one central element (z) and two sets
of generators, usually denoted xi and p j by analogy with the canonical commuta-
tion relations, that satisfy the algebra [xi, p j] = δ
i
j z, [x
i,x j] = 0, [pi, p j] = 0 and
[xi,z] = [z,xi], [p j,z] = [z, p j ]. The central element z commutes with all other gen-
erators but, importantly, it does not represent the identity element. Confusingly, the
commutation relations of the finite-dimensional Heisenberg group are typically re-
ferred to as the ‘Heisenberg algebra’ in the mathematical literature, but they are not
equivalent to the position-momentum commutation relations of canonical QM [7].
Therefore, this procedure fails, as it is impossible to define exact finite-dimensional
analogues of the subcomponents
{
Lˆi,Lˆ
′
i ,Λˆi,Λˆ
′
i
}3
i=1
.
Second, we may search for an alternative set of finite-dimensional constant val-
ued matrices,
{
Sˆi,Sˆ
′
i , Σˆi, Σˆ
′
i
}3
i=1
, that satisfy an algebra analogous to Eqs. (107a)-
(107h) under the interchange Sˆi ↔ Lˆi, Sˆ ′i ↔ Lˆ ′i , Σˆi ↔ Λˆi and Σˆ ′i ↔ Λˆ ′i . By the
argument above, these cannot be defined in terms of finite-dimensional analogues
of the canonical position and momentum operators, i.e., αˆ i ∼ xˆi, αˆ ′i ∼ xˆ′i, βˆ j ∼ pˆ j
and βˆ ′j ∼ pˆ′j. In this case, we must again require that Sˆi act nontrivially only on the
first subspace of the tensor product state, that Sˆ ′i act nontrivially only on the second
subspace, and that Σˆi and Σˆ
′
i act nontrivially on both subspaces.
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These conditions are very difficult to satisfy. The most natural operators that are
able to act nontrivially on both spin subspaces are of the form Σˆi ∼ Σˆ ′i ∼ εi jkσ j⊗σ ′k.
However, using these definitions, it is straightforward to show that [Σˆi, Σˆ j ] 6= 0 and
[Σˆ ′i , Σˆ
′
j] 6= 0, so that the analogues of Eqs. (107g) cannot be satisfied. Therefore, this
procedure also fails.
Third, we may search for a smaller set of finite-dimensional constant valued ma-
trices
{
Sˆi,Sˆ
′
i , Sˆi
}3
i=1
that satisfy an analogue of the algebra (110a)-(110e) under
the exchange Sˆi ↔ Lˆi, Sˆ ′i ↔ Lˆ ′i and Sˆi ↔ Lˆi. As well as being mathematically
simpler, this scenario is also the physically most intuitive. In this case, the sub-
components
{
Sˆi
}3
i=1
determine the SU(2) symmetry of canonical quantum matter
whereas
{
Sˆ ′i
}3
i=1
determine the SU(2) symmetry of the quantum state associated
with the background. The subcomponents
{
Sˆi
}3
i=1
then determine the spin-spin in-
teraction between canonical QM particles and the smeared geometry.
Considering the arguments above, we define the generalised spin operator for the
composite matter-plus-geometry state, Sˆi, as
Sˆi = Sˆi+ Sˆ
′
i + Sˆi , (114)
where Sˆi and Sˆ
′
i are given by
Sˆi = sˆi⊗ Iˆ′ , Sˆ ′i = Iˆ⊗ sˆ′i , (115)
and
sˆi =
h¯
2
σi , sˆ
′
i =
β
2
σ ′i . (116)
The prime on the Pauli operators acting on the second spin-subspace, which cor-
responds to the spin part of the quantum state associated with the background ge-
ometry, indicates that this may posses a different fundamental spin to the matter
component, s′ 6= s. In this case, the two spin subspaces have different dimensions.
From here on, we use the shorthand notations σi = σi(s), Iˆ= Iˆ2s+1 and σ
′
i = σi(s
′),
Iˆ′ = Iˆ2s′+1. It follows from the definitions (114)–(116) that
[Sˆi,Sˆ j] = ih¯εi j
k
Sˆk , [Sˆ
′
i ,Sˆ
′
j ] = iβ εi j
k
Sˆ
′
k , (117)
and
[Sˆi,Sˆ
′
j ] = [Sˆ
′
i ,Sˆ j] = 0 , (118)
for any s, s′ ∈m/2, m ∈ N.
Next, we define the interaction term Sˆi as
Sˆi =
√
h¯β
2
εi
jkσ j⊗σ ′k =
2√
h¯β
εi
jk
Sˆ jSˆ
′
k . (119)
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This is the analogue of the operator (*) introduced below Eqs. (110a)-(110e) in Sec.
4.2. Using the identity [AB,C] = A[B,C]+[A,C]B, Eqs. (117)–(119) are sufficient to
show that the relations
[Sˆi, Sˆ j]− [Sˆ j, Sˆi] = ih¯εi j kSˆk , (120)
[Sˆ ′i , Sˆ j]− [Sˆ ′j , Sˆi] = iβ εi jkSˆk , (121)
also hold for any s, s′ ∈ m/2, m ∈ N. Hence, in order to recover a rescaled su(2)
Lie algebra for the generalised operators
{
Sˆi
}3
i=1
(with h¯→ h¯+β ), we require the
following commutation relations to hold between the cross terms Sˆi and Sˆ j:
[Sˆi, Sˆ j ] = iβ εi j
k
Sˆk+ ih¯εi j
m
Sˆ
′
m . (122)
In this work, our main aim is to describe the generalised spin physics of funda-
mental fermions (e.g., electrons) in smeared space. Therefore, although the Standard
Model admits composite particles with spin 3/2 [19], we restrict our attention to the
situation of greatest physical interest and set s = 1/2 from here on. The operators{
Sˆi
}3
i=1
then satisfy the Clifford algebra
[Sˆi,Sˆ j]+ =
h¯2
2
δi j Iˆ , (123)
where [ . , . ]+ denotes the anti-commutator, in addition to the Lie algebra given in
Eq. (117) [78]. These can be combined into the fundamental relation [27]
SˆiSˆ j =
(
h¯
2
)2
δi j Iˆ+ i
(
h¯
2
)
εi j
k
Sˆk . (124)
It is then straightforward to show that Eq. (122) holds if
[Sˆ ′i ,Sˆ
′
j ]+ =
β 2
2
δi j Iˆ , (125)
which, together with the β -scaled Lie algebra in Eq. (117), implies
Sˆ
′
i Sˆ
′
j =
(
β
2
)2
δi j Iˆ+ i
(
β
2
)
εi j
k
Sˆ
′
k . (126)
We stress that, unlike Eqs. (117)–(118) and (120)–(121), the relations (125) and
(126) hold only when s′= 1/2 [27, 79]. Consistency of the generalised spin structure
therefore implies that the quantum state associated with the background geometry
must be fermionic in nature, with spin eigenvalues±β/2.
In summary, the generalised spin algebra for the whole set of subcomponents{
Sˆi,Sˆ
′
i , Sˆi
}3
i=1
is
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[Sˆi,Sˆ j] = ih¯εi j
k
Sˆk , [Sˆ
′
i ,Sˆ
′
j ] = iβ εi j
k
Sˆ
′
k , (127a)
[Sˆi,Sˆ
′
j ] = [Sˆ
′
i ,Sˆ j] = 0 , (127b)
[Sˆi, Sˆ j]− [Sˆ j, Sˆi] = ih¯εi j kSˆk , (127c)
[Sˆ ′i , Sˆ j]− [Sˆ ′j , Sˆi] = iβ εi jkSˆk , (127d)
[Sˆi, Sˆ j ] = iβ εi j
k
Sˆk+ ih¯εi j
m
Sˆ
′
m , (127e)
This is formally analogous to the generalised angular momentum algebra, Eqs.
(107a)-(107e), under the exchange Lˆi ↔ Sˆi, Lˆ ′i ↔ Sˆ ′i and Lˆi ↔ Sˆi. Together,
Eqs. (127a)–(127e) give rise to the rescaled su(2) Lie algebra
[Sˆi, Sˆ j] = i(h¯+β )εi j
kSˆk , (128)
and the rescaled Clifford algebra
[Sˆi, Sˆ j]+ =
(h¯+β )2
2
δi j Iˆ , (129)
for the generalised spin-measurement operators
{
Sˆi
}3
i=1
(114). From (128), it also
follows that
[Sˆ2, Sˆi] = 0 . (130)
Note that, in the limit h¯→ β , the spin-spin interaction term Sˆi is not necessary
to maintain the canonical Lie algebra structure. Since both
{
Sˆi
}3
i=1
and
{
Sˆ ′i
}3
i=1
are representations of the su(2) generators, and these representations commute with
each other (115), the combination Sˆi+ Sˆ
′
i also satisfies the su(2) algebra if both
sets of generators are weighted by the same scale factor. In this case, we may pull
a single factor of h¯ outside the sum of terms on right-hand side of the commutation
relations, so that [Sˆi+ Sˆ
′
i ,Sˆ j + Sˆ
′
j ] = ih¯εi j
k(Sˆk + Sˆ
′
k). However, after introduc-
ing a second quantisation scale for the background, β 6= h¯, which is an essential
feature of the smeared space model [45, 47], the interaction represented by Sˆi is
necessary to maintain the su(2) invariance of the composite matter-plus-geometry
system. Without this interaction, it is not possible to construct an operator Sˆi that in-
cludes commuting representations of su(2) weighted by different scale factors, i.e.,
Sˆi = (h¯/2)(σi⊗ I′) and Sˆ ′i = (β/2)(I⊗σ ′i ) with β 6= h¯, and which also satisfies
a canonical-type commutation relation. In this case, it is not possible to pull a sin-
gle factor (with units of action) outside the expression on the right-hand side of the
relation [Sˆi, Sˆ j] = (. . . ), without including Sˆi (119) in the definition of Sˆi (114).
This is a fundamental difference between canonical two-particle states and the
bipartite matter-plus-geometry states of the smeared space model [47, 65]. Fur-
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thermore, it has clear physical interpretation. The first copy of the su(2) algebra,
weighted by h¯, defines the isometry that generates the spin of the matter sector.
The second copy, weighted by β , generates the quantum spin of the background. If
these spins are left to evolve freely, without interacting, the introduction of a second
quantisation scale for geometry, β 6= h¯, breaks the SU(2) invariance of the compos-
ite matter-plus-geometry state. However, the spins do not evolve freely but interact
via the cross term Sˆi. The interaction is such that SU(2) symmetry is restored, for
the composite state, under the simple rescaling h¯→ h¯+ β . Analogous arguments
also hold for the generalised angular momentum operators
{
Lˆi
}3
i=1
, which yields a
clear physical interpretation of the interaction terms
{
Lˆi
}3
i=1
.
Written explicitly, the generalised spin matrices take the form
Sˆx =


0
(β+i
√
h¯β )
2
(h¯−i
√
h¯β )
2
0
(β−i
√
h¯β )
2
0 0
(h¯+i
√
h¯β )
2
(h¯+i
√
h¯β )
2
0 0
(β−i
√
h¯β )
2
0
(h¯−i
√
h¯β )
2
(β+i
√
h¯β )
2
0

 ,
Sˆy =


0 − (iβ−
√
h¯β )
2
− (ih¯+
√
h¯β )
2
0
(iβ+
√
h¯β )
2
0 0 − (ih¯−
√
h¯β )
2
(ih¯−
√
h¯β )
2
0 0 − (iβ+
√
h¯β )
2
0
(ih¯+
√
h¯β )
2
(iβ−
√
h¯β )
2
0

 ,
Sˆz =


(h¯+β )
2
0 0 0
0
(h¯−β )
2
i
√
h¯β 0
0 −i
√
h¯β − (h¯−β )
2
0
0 0 0 − (h¯+β )
2

 , (131)
and Sˆ2 is given by
Sˆ2 =
3(h¯+β )2
4
Iˆ4 . (132)
Equation (132) follows from the fact that the matrices
{(
h¯+β
2
)−1
Sˆi
}3
i=1
are invo-
lutions. Hence, in the smeared space model,
{(
h¯+β
2
)−1
Sˆi
}3
i=1
are the analogues of
the canonical spin-1/2 Pauli matrices, {σi}3i=1 =
{(
h¯
2
)−1
sˆi
}3
i=1
. However, unlike
the canonical Pauli matrices,
{(
h¯+β
2
)−1
Sˆi
}3
i=1
depend explicitly on both quantisa-
tion scales, h¯ and β .
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It is straightforward to verify that all three spin operators
{
Sˆi
}3
i=1
(131) have the
eigenvalues {
(h¯+β )
2
,
(h¯+β )
2
,− (h¯+β )
2
,− (h¯+β )
2
}
, (133)
which, for Sˆz, correspond to the following (un-normalised) eigenvectors:{
(1,0,0,0),
(
0,
ih¯√
h¯β
,1,0
)
,
(
0,− iβ√
h¯β
,1,0
)
,(0,0,0,1)
}
.
The normalised eigenvectors of Sˆz may then be written as
∣∣∣3(h¯+β )2
4
,
(
h¯+β
2
)
z
〉
= (1,0,0,0) = |↑z〉1 |↑z〉2 ,
∣∣∣3(h¯+β )2
4
,
(
− h¯+β
2
)
z
〉
= (0,0,0,1) = |↓z〉1 |↓z〉2 , (134)
and ∣∣∣3(h¯+β )2
4
,
(
h¯+β
2
)
z
〉
δ
=
1√
1+ δ
(0,1,−i
√
δ ,0)
=
1√
1+ δ
(|↑z〉1 |↓z〉2− i
√
δ |↓z〉1 |↑z〉2) ,∣∣∣3(h¯+β )2
4
,
(
− h¯+β
2
)
z
〉
δ
=
1√
1+ δ
(0,−i
√
δ ,1,0)
=
1√
1+ δ
(|↓z〉1 |↑z〉2− i
√
δ |↑z〉1 |↓z〉2) , (135)
where
δ = h¯/β ≃ 10−61 . (136)
Analogous decompositions hold for the eigenvectors of Sˆy and Sˆx, but with the sub-
stitutions {|↑z〉 , |↓z〉} →
{|↑y〉 , |↓y〉} and {|↑z〉 , |↓z〉} → {|↑x〉 , |↓x〉}, respectively.
From here on, we neglect these directional indices, for the sake of notational ele-
gance.
The single-electron-plus-smeared-background system has four spin states, as op-
posed to the two spin states of electrons on the fixed background of canonical
QM. However, the operators Sˆ2 and Sˆi that act on the composite system have only
two distinct sets of eigenvalues,
{
3(h¯+β )2/4,±(h¯+β )/2}. Each pair of eigenval-
ues has a 2-fold degeneracy, corresponding to one separable state and one state in
which the spins of the electron and the background are entangled. The eigenvectors
| 3(h¯+β )2
4
, (h¯+β )
2
〉 and | 3(h¯+β )2
4
, (h¯+β )
2
〉
δ
correspond to spin ‘up’ states, according to
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the measured values of Sˆ2 and Sˆi, whereas | 3(h¯+β )
2
4
,− (h¯+β )
2
〉 and | 3(h¯+β )2
4
,− (h¯+β )
2
〉
δ
correspond to spin ‘down’ states.
For the unentangled states, | 3(h¯+β )2
4
,± (h¯+β )
2
〉, the spins of the matter and geom-
etry components of the tensor product smeared state, |ψ〉 and |g〉, are aligned. The
spin up state is characterised by the individual values {+h¯/2,+β/2} and the spin
down state is characterised by the values {−h¯/2,−β/2}. However, for the entan-
gled eigenvectors, | 3(h¯+β )2
4
,± (h¯+β )
2
〉
δ
, there is no simple relation between the mat-
ter and geometry components of the total quantum state. Remarkably, the entangled
eigenstates (135) have the same eigenvalues as the simple separable states (134).
We also note that, in the absence the interaction term Si, the eigenvalues of the
composite operator Sˆi+ Sˆ
′
i are {(h¯+β )/2,(h¯−β )/2,−(h¯−β )/2,−(h¯+β )/2}.
These correspond to the eigenvectors {|↑〉1 |↑〉2 , |↑〉1 |↓〉2 , |↓〉1 |↑〉2 , |↓〉1 |↓〉2}, re-
spectively, which in the limit β → h¯ yield the familiar spin eigenvectors of a canon-
ical two-particle state [65]. Thus, the introduction of Si not only restores SU(2)
symmetry in the composite matter-plus-geometry system, in the presence of two
quantisation scales, h¯ and β 6= h¯, but also alters two of the four spin eigenstates of
the decoupled sectors, while leaving the remaining two unchanged. This, in turn,
shifts the corresponding eigenvalues by just the right amount to introduce a 2-fold
degeneracy in the measured values of Sˆ2 and Sˆi.
A priori, there was no reason for us to anticipate that the additional terms required
to restore SU(2) symmetry, i.e., those involving Si in the algebra (127a)-(127e),
would simultaneously introduce such a degeneracy. However, if had this not oc-
curred, the doubling of the spin degrees of freedom would, in principle, have been
directly detectable by performing simultaneous measurements of Sˆ2 and Sˆi. This
would have caused severe problems for the smeared space model, at least philo-
sophically, even if the mathematical formalism remained consistent. It is not hard
to see why. In the non-spin part of the model, the doubling of the canonical degrees
of freedom is detectable only indirectly, via the additional statistical fluctuations it
induces in the measured values of position, momentum and angular momentum, etc.
These generate the GURs derived in Secs. 3.1-3.3 and 4.2, which are consistent with
our general assumptions about the physical measurement scheme.We repeat that we
assume a scheme in which measurements can be made only on material bodies in
space [45, 47]. Therefore, we do not have direct physical access to the quantum de-
grees of freedom of the background, which can be detected only indirectly via their
influence on quantum particles.
In the first formalism of the model, given in Sec. 3, this is expressed by tracing
out, or, equivalently, integrating out the degrees of freedom in the first subspace of
the tensor product Hilbert space, as in Eq. (50). However, in the second formalism,
on which the treatment of angular momentum is based, the mathematical structure
that renders only half of the doubled phase space directly measurable is more com-
plicated. The treatment of spin, given here, is based on this second formalism, but
our inability to define finite-dimensional analogues of the canonical QM operators,
αˆ i ∼ xˆi, αˆ ′i ∼ xˆ′i, βˆ j ∼ pˆ j and βˆ ′j ∼ pˆ′j, means that there is no clear analogue of ei-
ther structure in the finite-dimensional case. Simply tracing out half of the doubled
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spin degrees of freedom would require us to make an arbitrary choice, namely, as to
which two of the four possible spin states we should regard as physical.
Remarkably, the algebra (127a)-(127e) saves us from this dilemma, just as it
saves the SU(2) symmetry of the composite state in the two-scale quantisation
scheme. The resulting model of generalised spin measurements is mathematically
consistent, and is also consistent with the physical assumptions underlying the
smeared space model as a whole, despite the doubling of the number of dimensions
in the spin Hilbert space. In this case, the doubling is real, since H2⊗H2 ∼= H4,
unlike the infinite-dimensional case in which H ⊗H ∼= H [15].
Finally, we may write down the GURs implied by the generalised spin algebra
(127a)-(127e). By analogy with Eq. (113), (∆ΨSi)
2 takes the form
(∆ΨSi)
2 = (∆Ψ Si)
2+(∆ΨS
′
i )
2+(∆ΨSi)
2
+ cov(Sˆi, Sˆi)+ cov(Sˆi,Sˆi)
+ cov(Sˆ ′i , Sˆi)+ cov(Sˆi,Sˆ
′
i ) . (137)
Multiplying by the equivalent expression for (∆ΨS j)
2, we obtain the GUR for spin
measurements in smeared space. Yet again, it is beyond the scope of this work to
investigate the consequences of this relation in detail, but we note that it is of the
general form
(∆ΨSi)
2(∆ΨS j)
2 ≥ ·· · ≥
(
h¯+β
2
)2
|(εi jk)2 〈Sˆk〉2Ψ | , (138)
where the leading contribution to the terms in the middle is (∆Ψ Si)
2(∆Ψ S j)
2 ≥
(h¯/2)2|(εi j k)2 〈Sˆk〉2Ψ |. This is equivalent to the uncertainty relation for spin mea-
surements in canonical QM. The additional terms are non-canonical and depend on
the ratio of the dark energy density to the Planck density, which determines the value
of the geometry quantisation scale, β [47, 48].
4.4 Relation to the theory of quantum reference frames
In Sec. 4.1 we introduced a useful unitary transformation, Uˆβ (80). The action of Uˆβ
symmetrises the rigged bases of the ‘extended’ Hilbert space, to which the smeared
state |Ψ〉 belongs, such that |x,x′〉 7→ |x,x′− x〉 (81) and |pp′〉 7→ |p,p′−p〉 (82).
In the first set of bases |Ψ〉 is non-separable so that matter and geometry appear
entangled, as in Eqs. (49) and (56). This is consistent with the hypothesis advanced
in [37]. However, in general, entanglement is a basis-dependent property of quantum
states [13, 35]. In the symmetrised bases the smeared state is separable, |Ψ〉= |ψ〉⊗
|g〉 (88), so that matter and geometry are no longer entangled.
It follows that, if Uˆβ represents a viable physical transformation of the system,
then the entanglement of matter and geometry in the smeared space model is frame
dependent. This is consistent with recently obtained results in the theory of quantum
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reference frame (QRF) transformations [23]. In fact, there exists a formal similarity
between Eq. (88) and the separable pre-QRF state considered in [23], and between
Eq. (49) and the entangled post-QRF state considered therein. The unitary operator
Uˆβ (80) is formally analogous to the operator that switches between QRFs in this
formalism [47]. We recall that, in [23], a QRF is defined as a superposition of clas-
sical reference frames. This is intended to represent the realistic ‘reference frame’
defined by an observer that is embodied as a quantum system.
The considerations above suggest a link between QRFs and GURs. Roughly
speaking, we may imagine the entangled matter-plus-geometry state of the first for-
malism, Eq. (49), as the state of a QM particle ‘seen’ by an observer embodied as
a quantum spatial point, |x〉⊗ |gx〉 (46). This explains the primary difference be-
tween the states and transformations considered in the smeared space model and
their counterparts in the QRF theory [23, 47]. It may be verified that Eqs. (49), (56)
and (80) reduce to their counterparts in [23] in the limit h¯→ β . This is consistent
with the fact that the QRF formalism describes observers embodied as quantum sys-
tems on a fixed classical background whereas the smeared space formalism treats
the background itself as a quantum mechanical object [47]. 7
However, on reflection, there is clearly somethingmissing from both formalisms.
Specifically, the QRF formalism [23] allows us to describe the results of physical
experiments, as seen by observers that are embodied as canonical quantum systems
on a fixed classical background geometry. By contrast, the smeared space formalism
allows us to describe the results of experiments, as seen by observers embodied as
quantum spatial points [45, 47]. In any viable theory of quantum gravity, we expect
realistic observers to be embodied as material quantum systems living on, or ‘in’,
a quantum background geometry. This suggests that the two formalisms could be
combined to give a deeper picture of this scenario.
In principle, the combined theory should allow us to describe superpositions of
uniformly accelerated reference frames (i.e., uniform gravitational fields), in which
each Planck-sized volume of space is subject to additional quantum fluctuations, as
expected from generic arguments in phenomenological quantum gravity [14, 22, 33,
58]. At present, the QRF formalism is able to describe the former, but not the latter,
whereas the smeared space formalism describes the latter, but not the former. It may
be hoped that future research will yield further insights into the nature of both QRFs
and GURs, and the possible connections between them [49].
7 In [47], it was argued that the operator Uˆβ does not represent a physically accessible transfor-
mation of the composite matter-plus-geometry system. However, even if the entanglement of mat-
ter and geometry is a frame-independent feature of the theory, the formal similarity between the
smeared space formalism and the formalism of QRF transformations, under the exchange β ↔ h¯,
still holds. This strongly suggests that our interpretation of the smeared state (49), given above,
remains valid. It may be hoped that future work can either confirm or disprove this [49].
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5 Avoiding the conventional wisdom
In this section, we consider possible objections to the smearing procedure presented
in [45, 47]. Two problems come immediately to mind. Both are potentially valid and
must be addressed head on, if the model is to survive as a viable competitor to the
standard modified commutator theories. Due to limitations of space, our discussion
is brief, and the problems cannot be considered as fully resolved. Nonethless, there
are encouraging signs that they may be overcomewithin the existing formalism, and
it may be hoped that future research will be able to settle these issues one way or
another.
The first problem is that there exist well known no go theorems for multiple quan-
tisation constants (see, for example, [69] and references therein). In Sec. 5.1, we
consider whether the existing theorems apply to the smeared states defined in Secs.
3.1-3.2 and 4.1, and argue that they do not. The key point is that the smeared space
formalism treats matter and geometry asymmetrically. This is expressed, mathe-
matically, via the modified de Broglie relation (66), in which k and k′ represent
independent degrees of freedom, but p′ remains the only observable momentum.
Therefore, quantising the composite matter-plus-geometry system is not equivalent
to quantising the state of two, distinguishable, material particles. Because of this, the
standard theorems cannot be applied, directly, to states in the smeared space model.
The second problem is that, as every quantum gravity researcher knows, canoni-
cal quantisation of the ‘metric’ yields a spin-2 representation of the Poincare´ group
[59]. At first sight, this is immediately at odds with our claim, in Sec. 4.3, that the
fundamental quanta of space are fermions. In Sec. 5.1, we present a critical view of
the canonical quantisation procedure [59] and argue that the standard interpretation
applies only to the first order perturbation of the metric. Crucially, the leading or-
der term, which represents the flat background space whose symmetries are defined
by the Poincare´ group [21], remains purely classical in the usual quantisation of
linearised gravity [59]. We emphasise that the new degrees of freedom introduced
in the smeared space formalism correspond to the non-relativistic limit of this flat
piece, yielding superpositions of Euclidean geometries [45, 47]. Therefore, our pro-
posal does not contradict existing results about the spin-2 nature of gravitons, which
are represented by the quantised perturbation.
5.1 Evading no go theorems for multiple quantisation constants
Well known no go theorems forbid the canonical quantisation of different material
particle species using different quantisation constants [6, 24, 69]. Given two distin-
guishable particles, A and B, whose degrees of freedom are labelled by primed and
unprimed variables, respectively, it may be shown that imposing the canonical-type
de Broglie relations
p = h¯k , p′ = h¯′k′ , (139)
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with h¯ 6= h¯′, leads to fundamental inconsistencies [69].
In the limit h¯′ → h¯, the relations (139) reduce to the standard ones, p = h¯k and
p′ = h¯k′. We simply note that, in the limit β → h¯, the quantisation conditions of
the smeared space formalism, p = h¯k and p′−p = β (k′−k) (60), which combine
to give p′ = h¯k+ β (k′−k) (66), also reduce to the standard relations. However,
crucially, setting β = h¯′ 6= h¯ does not recover Eqs. (139). For this reason, the usual
no go theorems presented in [6, 24, 69], and in related literature, are not directly
applicable to states in the smeared space model. The existence of such states, given
by Eqs. (49), (56) and (88), is not expressly forbidden by these theorems.
Nonetheless, it is of course concievable that even slight modifications of the ex-
isting theorems could be used to demonstrate inconsistencies in the smearing pro-
cedure, represented by Eqs. (46) and (60). This possibility must be thoroughly in-
vestigated, before the proposal of a second quantisation scale for space can be taken
seriously [48]. This work is of the utmost importance for the future development of
the smeared space model. If inconsistencies can be explicitly demonstrated, it must
be abandoned as a physical theory.
5.2 Isn’t spacetime spin-2? Gravitons versus quanta of space
The standard argument for the spin-2 nature of spacetime is that, since the classical
metric is a symmetric two-index tensor field, its canonical quantisation yields a spin-
2 representation of the Poincare´ group in the tangent space associated with each
spacetime point. This argument is very robust as it forms part of a general scheme
that may be used to construct the dynamical equations for particles of any spin
[27, 36] including photons, spin-1/2 fermions, and even the composite spin-3/2
particles predicted by the Standard Model [19, 79]. However, on closer inspection,
a linguistic sleight of hand has been applied with the use of the word ‘metric’.
In the standard approach the full metric of general relatively, gµν , is expanded to
first order:
gµν ≃ ηµν + hµν . (140)
Thereafter, ηµν and hµν are regarded as dynamical and non-dynamical pieces, re-
spectively. This is expressed by the fact that ηµν = (ηµν )
−1 and ηµν are used to
raise and lower indices on hµν and h
µ
ν , etc., as well as on fields of any other type,
corresponding to various forms of matter.
The metric perturbation is therefore defined as a field on flat spacetime [59]. This
enables canonical quantisation techniques, which are valid for fields in Minkowski
space, to be applied to hµν . These are not applicable to gµν [16]. The resulting
equations of motion, known as the Pauli-Fierz equations, describe the dynamical of
spin-2 particles, aka gravitons [59]:
✷hµν = 0 , ∂νhµν = 0 , h
µ
µ = 0 . (141)
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Hence, only the quantized perturbation of the metric yields a spin-2 representation
of the Poincare group, which is the symmetry group of the flat Minkowski space
on which it ‘lives’ [21, 36]. The Minkowski piece remains non-dynamical and com-
pletely classical.
In the non-relativistic limit, a similar split yields a classical Euclidean back-
ground in which h00 is associated with the Newtonian gravitational potential [32].
We stress that the fermionic quanta of space predicted by our model are associ-
ated with the flat Euclidean piece of the metric, which remains classical and non-
dynamical in the standard approach. By contrast, we endow the Euclidean back-
ground with a quantum genuine state vector in the Hilbert space of the theory
[45, 47]. This forms part of the composite matter-plus-geometry state that obeys
the modified Schro¨dinger equation (see [45] for details).
Though many aspects of the smeared space theory remain unclear, and have yet
to be explored, the qualitative picture that emerges is of fermionic spacetime quanta
exchanging virtual gravitons, in addition to the usual graviton-matter and graviton-
graviton interactions [45, 47]. This is perhaps not so crazy.We recall that in the Stan-
dard Model of particle physics the fundamental constituents of matter are fermions,
which exchange virtual bosons as force-mediators [19, 63]. Here, we treat gravitons
as the fundamental quanta of curvature, which give rise to the quantised gravita-
tional force, but model the underlying spacetime fabric as a web of fermions. This
has the major advantage of allowing us to answer the following question, which
cannot be addressed within the standard paradigm of linearised quantum gravity: of
what is the quantum space composed when it is flat?
6 Discussion
We have presented a new approach to GURs, based on the ‘smearing’ of classical
points into coherent superpositions of point-like quantum states. The mathematical
formalism of the model was presented in two forms. The first incorporates gener-
alised position and momentum measurements, which naturally generate the EGUP
(75)-(76), while the second allows us to define generalised operators for angular
momentum and spin, giving rise to GURs for these observables. The key advantage
of the new approach is that it generates GURs without violating the symmetries of
canonical QM. This allows it to evade the well known problems associated with
modified commutation relations, which are assumed to form the mathematical basis
of GURs in the bulk of the existing literature [33, 39, 57, 77, 76].
However, this phenomenological success comes at a price and the model implies
two radical conclusions for which there is, at present, no empirical support. The
first is that space, and hence gravity, must be quantised at a different scale to matter,
β ≃ h¯×10−61 (59) [45, 48]. The second is that the fundamental quanta of the space-
time fabric are fermions, with spin ±β/2, (134)-(135) [47]. To conclude, we give
a critical appraisal of the current status of the model, highlighting what is missing
from the present formalism, and what open questions need still to be addressed.
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6.1 Current status of the model
A valid criticism of the current formalism is that the smearing scales for position
and momentum, ∆gx
′i ≃ lPl ≃ 10−33 cm and ∆gp′i ≃ mdSc ≃ 10−56g .cms−1, are
put into the theory by hand. That is, although the wave-point uncertainty relation
(64) bounds the uncertainties associated with a quantum spatial ‘point’ such that
∆gx
′i∆gp′i & β/2, where β ≃ lPlmdSc ≃ h¯× 10−61 (59), this does not bound the
values of ∆gx
′i or ∆gp′i individually.
Because (64) is formally analogous to the HUP (4), under the exchanges g↔ ψ
and β ↔ h¯, it is consistent with the limits ∆gx′i → 0, ∆gp′i → ∞ and ∆gx′i → ∞,
∆gp
′
i → 0, respectively, so long as β remains finite. However, in the former, the
minimummomentum uncertainty of a particle in the smeared background space also
tends to infinity, whereas, in the latter, the minimum position uncertainty diverges
[45]. Only by assuming the fixed values, given above, can the formalism give rise
to the EGUP expected from model-independent gedanken experiments (75)-(76)
[45, 47].
The non-dynamical nature of the smearing functions, g(x′− x) and g˜β (p′−p),
is therefore introduced as a hypothesis of the model. At its present level of devel-
opment, this seems unavoidable. Nonetheless, it would certainly be preferable to
derive these conditions from a more fundamental dynamical theory. Though specu-
lative, we conjecture that an appropriate generalisation of the Pauli exclusion prin-
ciple (PEP), incorporating the spin-spin interaction between matter and geometry,
may enable us to achieve this. The rough idea is that the fermionic degeneracy pres-
sure between delocalised spatial ‘points’ is precisely what keeps them delocalised,
ensuring that a unique function 〈x′|gx〉= g(x′− x) exists for each value of x.
Whether or not this speculation turns out to be true, it is clear that the canonical
PEP must be generalised in the context of the smeared space model [47]. In fact,
virtually all the predictions of canonical QM could (and should) be generalised to
incorporate the effects of the smeared background. These include all the more recent
developments of the theory, conventionally grouped under the umbrella of quantum
information theory (QIT) [13]. There is lots of work still to do, even in the non-
relativistic regime. Furthermore, we must now think seriously about why, and how,
the theory could be extended into the relativistic limit, and about how to introduce
gravity into the model in a more fundamental way. In the final section, 6.2, we
briefly consider these issues, and outline various prospects for future work.
6.2 Future work
Ultimately, we would like to construct a smeared version of the Standard Model of
particle physics, including all known interactions of the electromagentic, weak, and
strong nuclear forces [19]. Outstanding problems for this research program include
the questions of how to ‘smear’ time, how to ‘smear’ general gauge symmetries, and
how to formulate the corresponding path integral picture [45, 47]. However, even if
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we were able to overcome each of these problems, our model still would not contain
a fundamental description of gravity.
This is ironic, for a model that was originally motivated by gedanken experi-
ments in quantum gravity phenomenology [1, 8, 10, 51, 60, 70]. Nonetheless, it
is consistent with the simplest picture of Newtonian gravity, in which the gravi-
tational potential is viewed as scalar field in flat Euclidean space [32, 45, 47]. To
incorporate gravity on a more fundamental level, two options immediately suggest
themselves. The first is to complete the research program outlined above by ex-
tending the smearing procedure to flat Minkowski space and the Standard Model
of particles physics. Armed with a superposition of flat spacetimes, we may then
consider how to construct superpositions of curved spacetime geometries [45]. The
second is to incorporate Newtonian gravity into the model in a more fundamental
way. In principle, this may be done by smearing the Newton-Cartan formalism, in
which non-relativistic gravity emerges from the curvature of bone fide Riemmanian
geometries [5, 28].
Thankfully, these approaches are not mutually exclusive, andwemay pursue both
simultaneously. In fact, this is a good strategy. If gravity is to be viewed as spacetime
curvature then the current smeared space theory corresponds, at best, to the G→ 0,
c→∞ limit of the complete quantum gravity theory. By contrast, the generalisations
proposed above correspond to different limits, namely, G→ 0 with finite positive c,
and c→ ∞ with finite positive G, respectively. Constructing each of these limits,
explicitly, gives us two possible routes by which to attack the fundamental problem
of relativistic quantum gravity [45].
Finally, the model should be probed, at every stage of its development, for math-
ematical inconsistencies. (For example, those associated with multiple quantisation
constants, as discussed in Sec. 5.1.) If possible, experimental schemes should also
be derived to test it empirically. Though it seems unlikely that table-top experiments
could ever be sensitive enough to directly probe the smeared geometry, considering
the extraordinarily small value of β , this cannot be discounted a priori. In addition,
we may explore the phenomenological implications of the model for present day
cosmology and the history of the universe [45, 47]. This may prove to be an espe-
cially fruitful research direction, given the intimate connection between β and the
observed vacuum energy, ρΛ (65) [48].
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